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Abstract
We have studied two approaches to predict quark and lepton mixing patterns from the same
flavor symmetry group in combination with CP symmetry. The first approach is based on the
residual symmetry Z2 in the charged lepton sector and Z2 × CP in the neutrino sector. All
lepton mixing angles and CP violation phases depend on three real parameters θl, δl and θν . This
approach is extended to the quark sector, the up and down quark mass matrices are assumed to
be invariant under a Z2 subgroup and Z2×CP . The necessary and sufficient conditions for the
equivalence of two mixing patterns are derived. The second approach has an abelian subgroup
and a single CP transformation as residual symmetries of the charged lepton and neutrino sectors
respectively. The lepton mixing would be determined up to a real orthogonal matrix multiplied
from the right hand side. Analogously we assume that a single CP transformation is preserved
by the down (or up) quark mass matrix, and the residual symmetry of the up (or down) quark
sector is be an abelian subgroup. As an example, we analyze the possible mixing patterns which
can be obtained from the breaking of ∆(6n2) and CP symmetries. We find ∆(294) combined
with CP is the smallest flavor group which can give a good fit to the experimental data of quark
and lepton mixing in both approaches.
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1 Introduction
Over the past few decades, the quark CKM mixing matrix has been measured quite precisely
in meson decays [1]. It is established that quark mixing angles are small and the largest one is
the Cabibbo angle θC ' 13.02◦ between the first and the second generations. Regarding the CP
violation in the quark sector, the unitarity triangle approximately is a right triangle, and the angle
α of the unitary triangle is constrained as α ' (87.6+3.5−3.3)◦ [1]. The discovery of neutrino oscillation
is a great progress in particle physics and it leads to the 2015 physics Nobel prizes. The neutrino
mixing parameters have been rather well measured by a lot of neutrino oscillation experiments. The
latest global fitting of neutrino oscillation data gives 31.42◦ ≤ θ12 ≤ 36.05◦, 40.3◦ ≤ θ23 ≤ 51.5◦ and
8.09◦ ≤ θ13 ≤ 8.98◦ at 3σ confidence level [2, 3]. Similar results are obtained by other oscillations
global fit [4, 5]. Concerning the CP violation in neutrino oscillation, the hit for a Dirac CP δCP
around 3pi/2 is reported by T2K [6] and NOνA [7] although the significance of this signal is still
low. Establishing the existence of leptonic CP violation is an important goal of future long baseline
neutrino experiments. We can easily see that the observed pattern of neutrino mixing differs
drastically from the quark mixing pattern.
The standard model can only accommodate but not explain these data. Understanding the
origin of the quark and lepton mixing and mass hierarchy is a longstanding fundamental open
question in particle physics. There have been many attempts in the literature to try and explain
these structures. It turns out that a broken flavour symmetry based on the non-abelian discrete
groups is particularly suitable to reproduce certain neutrino mixing pattern, for review see [8–12].
The non-abelian discrete flavour symmetry is also exploited to explain the mixing pattern among
quarks [13–19]. It is notable that the experimentally favored Cabibbo angle (for example θC '
pi/14) can be generated in terms of group-theoretical quantities, if the three generations of left-
handed quarks are assigned to an irreducible triplet or the direct sum of a two-dimensional and a
one-dimensional representation of the flavor symmetry group [13,14,18]. However, the three small
hierarchical mixing angles together with quark CP violation can not generated simultaneously if
the quark mixing matrix is fully determined by the residual symmetries in the down quark and up
quark mass matrices. [18].
In order to constrain the CP violating phases, a powerful extension is to amend the flavor
symmetry with a CP symmetry [20–29]. The CP transformation matrix is generally represented by a
non-diagonal matrix in the flavor space and consequently it is usually called generalized CP. In order
to consistently combine flavor symmetry with CP symmetry, certain consistency condition has to
be fulfilled such the generalized CP symmetry is dictated by the flavor symmetry group [25,30–32].
In the most extensively studied scenario, the flavor and generalized CP symmetries are broken to
an abelian subgroup and Z2 × CP in the charged lepton and neutrino sectors respectively, the
lepton mixing angles and CP phases would be expressed in terms of a single real parameter θ
which can take values in the range 0 ≤ θ < pi [25, 33–50]. An exhaustive scan over discrete groups
of order less than 2000 is performed in [51], and a classification of all phenomenologically viable
mixing patterns obtained in the semi-direct approach is presented [51]. Moreover, the generalized
CP symmetry can not only constrain the Dirac and Majorana phases but also possibly the CP
violation in leptogenesis [52–54].
Other possible schemes of predicting lepton mixing parameters from flavor symmetry and gen-
eralized CP have also been considered in the literature. The scenario with the residual symmetry
Z2 × CP in both neutrino and charged lepton mass terms is suggested in [55, 56]. The resulting
PMNS mixing matrix would depend on two rotation angles θν and θl which freely vary between
0 and pi. Most importantly, a remarkable advantage of this scheme is that the experimentally
measured quark mixing angles and CP violation phase can be reproduced if the flavor group and
generalized CP are broken to two distinct Z2 × CP subgroups as well in the up and down quark
sectors [55,57]. The CKM mixing matrix would be predicted in terms of two real parameters θu and
θd which can be chosen to lie in the interval 0 ≤ θu,d < pi. What’s more, the observed patterns of
quark and lepton flavor mixings can be simultaneously understood from the same flavor symmetry
in combination with generalized CP symmetry, and the smallest flavor group is ∆(294) [57].
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A three-parameter model based on the remnant symmetry Z2 in the charged lepton sector and
Z2×CP in the neutrino sector is proposed in [58,59]. Then the lepton mixing angles and CP phases
are determined in terms of three parameters θν , θl and δl in this scheme. The possible lepton mixing
patterns which can be obtained from the popular flavor symmetries S4 [59] and A5 [58] have been
studied, and all possible residual symmetries of this type are considered [58, 59]. In the present
work, we shall investigate whether the experimentally preferred CKM mixing matrix can be derived
in a similar way, assuming the parental flavor symmetry and CP symmetry are broken to Z2 and
Z2×CP in the up and down quark sectors. Furthermore, we shall discuss whether realistic lepton
and quark mixing patterns can be achieved from a single flavor symmetry group combined with CP.
In order to show concrete examples and find new interesting mixing patterns, we have performed a
comprehensive study for the infinite group series ∆(6n2) which are broken to all possible residual
symmetries of the structure indicated above.
Another three-parameter model is the residual symmetry pattern for which the charged lepton
and neutrino mass matrices are invariant under an abelian subgroup and a single CP transformation
respectively. The lepton mixing matrix would be fixed up to a real orthogonal matrix which contains
three free rotation angles θ1,2,3 [54, 60–63]. A benchmark example of this type model is the µ − τ
reflection symmetry [20–24, 64], which exchanges the muon (tau) neutrino with the tau (muon)
antineutrino in the charged lepton mass basis. It is well-known that the µ − τ reflection predicts
maximal atmospheric mixing θ23 = pi/4 and maximal Dirac phase δCP = ±pi/2. In light of the
experimental indications that θ23 and δCP deviate from maximal values [2–5], one could break the
µ− τ reflection symmetry [65–68] or consider its possible variations such as the generalized µ− τ ,
e−µ or e−τ reflections [60–62]. We shall extend this approach to the quark sector in this work. As
an example, we shall analyze all possible lepton and quark mixing patterns which can be obtained
from ∆(6n2) flavor group and CP in this scheme.
The motivation of this paper is to investigate whether the observed pattern of neutrino and
quark flavor mixing, which drastically differs from the each other, can be naturally understood in
the three-parameter models mentioned above. The paper is organized as follows. In section 2 we
present the general formula of lepton mixing matrix when the residual symmetries of the neutrino
and charged lepton mass terms are Z2 × CP and Z2 respectively. Subsequently we derive the
criterion to determine whether two distinct residual symmetries give rise to the same mixing pattern.
As an example, we perform a detailed study of lepton mixing patterns arising from the breaking
of the flavor group ∆(6n2) and CP to Z2 in the charged lepton and to Z2 × CP in the neutrino
sector. The predictions for the lepton mixing parameters and the effective Majorana mass of the
neutrinoless double beta decay are analyzed numerically. In section 3 the extension of the analysis
of section 2 to quark flavor mixing is discussed, and we investigate the possible quark mixing
patterns if the ∆(6n2) and CP are broken to Z2 and Z2 × CP in the up and down quark sectors
respectively. In section 4 we study another three-parameter model in which the charged lepton and
neutrino mass matrices are invariant under the action of a residual abelian subgroup and a single
CP transformation respectively. Then we apply the approach of section 4 to quark flavor mixing in
section 5. Finally we summarize our main results and make some concluding remarks in section 6.
2 Lepton flavor mixing from flavor and CP symmetries breaking
to residual symmetries Z2 and Z2 × CP
In order to understand lepton flavor mixing and CP violation, we shall impose a discrete flavor
symmetry Gf which can be consistently combined with the generalized CP symmetry. The three
generations of left-handed leptons are assigned to transform as a faithful irreducible triplet 3 of
Gf . We assume that the flavor and CP symmetries are broken into the subgroups Z2 and Z2×CP
in the charged lepton and neutrino sectors respectively. Such approach has been studied for S4 and
A5 flavor symmetry in Refs. [58,59]. In the following, we shall recapitulate how lepton mixing can
be predicted from this symmetry breaking scheme.
As regards the charged leptons, the remnant symmetry Z2 is denoted as Z
gl
2 , where gl refers to
2
the generator and it is of order two with g2l = 1. The requirement that Z
gl
2 is preserved entails that
the hermitian combination m†lml should be invariant under the action of gl
1,
ρ†3(gl)m
†
lmlρ3(gl) = m
†
lml , (2.1)
which implies
[m†lml, ρ3(gl)] = 0 , (2.2)
where ρ3(gl) denotes the representation matrix of gl in the triplet representation 3. The unitary
matrix Ul realizes the transformation to the physical basis where the product m
†
lml is diagonal,
U †l m
†
lmlUl = diag(m
2
e,m
2
µ,m
2
τ ) , (2.3)
where me,mµ and mτ are the masses of e, µ and τ respectively. From Eq. (2.2), we can see that
ρ3(gl) can be diagonalized by Ul as well, in addition, gl is of order two and consequently the
eignevalue of ρ3(gl) is either +1 or −1. Therefore we have
U †l ρ3(gl)Ul = Pldiag(1,−1,−1)P Tl , (2.4)
where Pl is a generic three dimensional permutation matrix. Since the Z
gl
2 charges of the three
generations of lepton doublets are partially degenerate, the residual symmetry Zgl2 can not fully
distinguish the three generations. Solving the constraint equation of Eq. (2.4), we find that the
remnant flavor symmetry Zgl2 fixes the unitary transformation Ul to be of the following form
Ul = ΣlU
†
23(θl, δl)Q
†
lP
T
l , (2.5)
where Σl is a constant diagonalization matrix of ρ3(gl) and it satisfy
Σ†l ρ3(gl)Σl = diag(1,−1,−1) , (2.6)
and U23(θl, δl) is a block diagonal unitary rotation, and Ql is a phase matrix with
U23(θl, δl) =
 1 0 00 cos θl sin θl
0 − sin θl cos θl
 1 0 00 eiδl 0
0 0 e−iδl
 , Ql =
 e−iγ1 0 00 e−iγ2 0
0 0 e−iγ3
 , (2.7)
where θl, δl and γ1,2,3 are free real parameters.
In this work we assume neutrinos are Majorana particles. The predictions for θ12, θ13, θ23 and
δCP are identical for Majorana or Dirac neutrinos, while the Majorana phases are unphysical if
neutrinos are Dirac particles. The neutrino remnant symmetries Z2×CP are denoted as Zgν2 ×Xν
with g2ν = 1. The remnant CP transformation Xν should be a 3 × 3 unitary and symmetric
matrix otherwise the light neutrino masses would be completely or partially degenerate. The
residual symmetry Zgν2 × Xν is well defined if and only if the restricted consistency condition is
satisfied [25–28],
Xνρ
∗
3(gν)X
−1
ν = ρ3(gν) . (2.8)
Requiring that Zgν2 ×Xν is a symmetry of the neutrino mass matrix mν entails that mν should be
invariant under Zgν2 ×Xν ,
ρT3 (gν)mνρ3(gν) = mν , X
T
ν mνXν = m
∗
ν . (2.9)
The neutrino mass matrix mν can be expressed in terms of the neutrino masses m1,2,3 and the
unitary rotation Uν as mν = U
∗
νdiag(m1,m2,m3)U
†
ν . Inserting this identity into Eq. (2.9), we find
the imposed residual symmetry Zgν2 ×Xν leads to the following constraints on Uν ,
U †νρ3(gν)Uν = diag(±1,±1,±1) , (2.10)
1The charged lepton mass matrix ml is given in the right-left basis.
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U †νXνU
∗
ν = diag(±1,±1,±1) ≡ Q2ν , (2.11)
where Qν is a diagonal and unitary matrix with non-vanishing entries equal to ±1 and ±i. The
(11) entry of Qν can be set to be one by choosing the overall phase of Uν . Therefore Qν can be
parameterized as
Qν =
 1 0 00 ik1 0
0 0 ik2
 , (2.12)
with k1,2 = 0, 1, 2, 3. As shown in Ref. [51], the constraint equations in Eqs. (2.10, 2.11) can be
conveniently solved by performing Takagi factorization of the residual CP transformation Xν ,
Xν = ΣνΣ
T
ν , (2.13)
where Σν is a unitary matrix and it diagonalizes the residual flavor transformation ρ3(gν) as well,
Σ†νρ3(gν)Σν = ±diag(1,−1,−1) . (2.14)
Then the unitary transformation Uν would be fixed to take the form [51]
Uν = ΣνS23(θν)PνQν . (2.15)
where Pν is a permutation matrix, S23(θν) is a rotation matrix in the (23)-plane,
S23(θν) =
 1 0 00 cos θν sin θν
0 − sin θν cos θν
 , (2.16)
with θν real. The lepton flavor mixing arises from the mismatch between Ul and Uν . Hence the
residual symmetry {Zgl2 , Zgν2 ×Xν} enforces that the lepton mixing matrix UPMNS is given by
UPMNS = U
†
l Uν = QlPlU23(θl, δl)Σ
†
lΣνS23(θν)PνQν , (2.17)
where we have redefined PlQlP
T
l as Ql which can be absorbed into the charged lepton fields. Since
the lepton masses can not be predicted in this approach, the lepton mixing matrix is determined
only up to exchanges of rows and columns. The permutation matrices Pl and Pν can take six
possible forms and it can be generated from
P12 =
 0 1 01 0 0
0 0 1
 , P13 =
 0 0 10 1 0
1 0 0
 , P23 =
 1 0 00 0 1
0 1 0
 . (2.18)
We see that the lepton mixing matrix depends on three free continuous parameters θl, δl and θν ,
and one entry (e.g. the (11) element of Σ†lΣν) is fixed to be certain constant value by the postulated
residual symmetry. Moreover, the PMNS mixing matrix in Eq. (2.17) has the following properties
UPMNS(θl + pi, δl, θν) = Pldiag(1,−1,−1)P Tl UPMNS(θl, δl, θν) (2.19)
UPMNS(pi − θl, δl, θν) = Pldiag(1,−i, i)P Tl UPMNS(θl, δl − pi/2, θν) (2.20)
UPMNS(θl, δl + pi, θν) = Pldiag(1,−1,−1)P Tl UPMNS(θl, δl, θν) (2.21)
UPMNS(θl, δl, θν + pi) = UPMNS(θl, δl, θν)P
T
ν diag(1,−1,−1)Pν (2.22)
where the diagonal matrices Pldiag(1,−1,−1)P Tl , Pldiag(1,−i, i)P Tl can be absorbed into Ql and
P Tν diag(1,−1,−1)Pν can be absorbed into Qν . Thus the fundamental intervals of θl, δl and θν
are [0, pi/2], [0, pi) and [0, pi) respectively. Notice that two pair of subgroups {Zg′l2 , Zg
′
ν
2 × X ′ν} and
{Zgl2 , Zgν2 ×Xν} would lead to the same UPMNS if they are related by a basis transformation, i.e.
if these pair of groups are conjugate under an element belonging to Gf .
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2.1 The criterion for the equivalence of two lepton mixing patterns
In some cases, two distinct residual symmetries lead to the same mixing pattern, if a possible
shift in the continuous free parameters θl, δl and θν is taken into account. Then we shall call
these two mixing patterns are equivalent. In this section, we shall derive the criterion to determine
whether two resulting mixing patterns are equivalent or not. In our approach, the lepton mixing
matrices derived from two distinct residual symmetries of the structure {Zgl2 , Zgν2 ×Xν} take the
form
UPMNS = QlPlU23(θl, δl)Σ
†
lΣνS23(θν)PνQν ,
U ′PMNS = Q
′
lP
′
lU23(θ
′
l, δ
′
l)Σ
′†
l Σ
′
νS23(θ
′
ν)P
′
νQ
′
ν . (2.23)
If the two mixing patterns are equivalent, the fixed element has to be equal, and without loss
of generality we assume it is the (11) entry of the PMNS matrix. As a result, the permutation
matrices Pl, Pν , P
′
l and P
′
ν can only be 1 and P23. In addition, the following identities are satisfied,
P23U23(θl, δl) = diag(1,−1, 1)U23(θl − pi/2, δl), S23(θν)P23 = S23(θν + pi/2)diag(1,−1, 1) , (2.24)
where the diagonal matrices can be absorbed into Ql and Qν . Hence we could choose Pl = Pν =
P ′l = P
′
ν = 1, and then we have
UPMNS = QlU23(θl, δl)US23(θν)Qν , U
′
PMNS = Q
′
lU23(θ
′
l, δ
′
l)U
′S23(θ′ν)Q
′
ν . (2.25)
with U ≡ Σ†lΣν and U ′ ≡ Σ
′†
l Σν . Generally U and U
′ can be denoted as
U =
 a1 a2 a3a4 a5 a6
a7 a8 a9
 , U ′ =
 b1 b2 b3b4 b5 b6
b7 b8 b9
 , (2.26)
where a1 and b1 are elements fixed by residual symmetries, and they can be chosen to be positive
by multiplying an overall phase. A necessary condition for the equivalence of UPMNS and U
′
PMNS
is
a1 = b1, a1, b2 ∈ R . (2.27)
It is quite convenient to make an equivalent transformation of UPMNS by extracting constant
matrices U23(θ
c
l , δ
c
l ) and S23(θ
c
ν) from U23(θl, δl) and S23(θν) respectively. Then the mixing matrix
UPMNS can be written as
UPMNS = Q˜lU23(θ˜l, δ˜l)U˜S23(θ˜ν)Q˜ν , (2.28)
where Q˜ν = Qν and
U˜ = diag(1, e−iδ2 , e−iδ2)U23(θcl , δ
c
l )US23(θ
c
ν) . (2.29)
If we take the values of δ2, θ
c
l , δ
c
l and θ
c
ν to be
δcl =
arg(a7)− arg(a4)
2
, δ2 =
arg(a4) + arg(a7)
2
,
sin θcl =
|a7| − |a4|√
2(|a4|2 + |a7|2)
, cos θcl =
|a4|+ |a7|√
2(|a4|2 + |a7|2)
, cot 2θcν =
2<(a2a∗3)
|a2|2 − |a3|2 , (2.30)
the unitary matrix U˜ can be transformed into the “standard form”,
U˜ =

a1
√
1
2(1− a21) eiρ2
√
1
2(1− a21) eiρ3√
1
2(1− a21) â5 eiρ2 â6 eiρ3√
1
2(1− a21) â6 eiρ2 â5 eiρ3
 , (2.31)
with
ρ2 = arg(a2 cos θ
c
ν − a3 sin θcν), ρ3 = arg(a3 cos θcν + a2 sin θcν), a1 + â5 + â6 = 0 . (2.32)
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Notice that Q˜l in Eq. (2.28) is an arbitrary diagonal phase matrix, θ˜l, δ˜l, θ˜ν are free parameters
and they are closely related to θl, δl and δν as follows,
Ql = Q˜ldiag(1, e
−i(δ2+δ1), ei(δ1−δ2)) ,
U23(θl, δl) = diag(1, e
iδ1 , e−iδ1)U23(θ˜l, δ˜l)U23(θcl , δ
c
l ) ,
S23(θν) = S23(θ
c
ν)S23(θ˜ν) , (2.33)
with
cos θl = |eiδ˜l cos θcl cos θ˜l − e−iδ˜l sin θcl sin θ˜l| ,
sin θl = |eiδ˜l sin θcl cos θ˜l + e−iδ˜l cos θcl sin θ˜l| ,
ϕ1 = arg[e
iδcl (eiδ˜l cos θcl cos θ˜l − e−iδ˜l sin θcl sin θ˜l)] ,
ϕ2 = arg[e
−iδcl (eiδ˜l sin θcl cos θ˜l + e
−iδ˜l cos θcl sin θ˜l)] ,
δl =
ϕ1 − ϕ2
2
,
δ1 = −ϕ1 + ϕ2
2
,
θν = θ
c
ν + θ˜ν . (2.34)
In the same fashion, we can transform another PMNS matrix U ′PMNS into the standard form,
U ′PMNS = Q˜
′
lU23(θ˜
′
l, δ˜
′
l)U˜
′S23(θ˜′ν)Q˜
′
ν , (2.35)
with
U˜ ′ =

b1
√
1
2(1− b21) eiρ
′
2
√
1
2(1− b21) eiρ
′
3√
1
2(1− b21) b̂5 eiρ
′
2 b̂6 e
iρ′3√
1
2(1− b21) b̂6 eiρ
′
2 b̂5 e
iρ′3
 , (2.36)
which satisfies
b1 + b̂5 + b̂6 = 0 . (2.37)
The equivalence of UPMNS and U
′
PMNS means that for any given values of θ˜l, δ˜l, θ˜ν and the
matrices Q˜l, Q˜ν , the corresponding solutions of θ˜
′
l, δ˜
′
l, θ˜
′
ν as well as Q˜
′
l and Q˜
′
ν can be found such
that UPMNS and U
′
PMNS give the same mixing pattern, i.e.
Q˜lU23(θ˜l, δ˜l)U˜S23(θ˜ν)Q˜ν = Q˜
′
lU23(θ˜
′
l, δ˜
′
l)U˜
′S23(θ˜′ν)Q˜′ν , (2.38)
which yields
U †23(θ˜
′
l, δ˜
′
l)Q˜LU23(θ˜l, δ˜l)U˜S23(θ˜ν)Q˜NS
T
23(θ˜
′
ν) = U˜
′ , (2.39)
where Q˜L ≡ Q˜′†l Q˜l = diag(eiφ1 , eiφ2 , eiφ3) is a generic diagonal phase matrix with φ1,2,3 are arbitrary
free parameters, and Q˜N ≡ Q˜νQ˜′†ν is also diagonal with entries ±1 and ±i. The combination
U †23(θ˜
′
l, δ˜
′
l)Q˜LU23(θ˜l, δ˜l) in Eq. (2.39) can be simplified into
U †23(θ˜
′
l, δ˜
′
l)Q˜LU23(θ˜l, δ˜l) = diag(e
iφ̂1 , eiφ̂2 , eiφ̂3)U23(θ̂l, δ̂l) (2.40)
with
φ̂1 = φ1 ,
φ̂2 = (φ2 + φ3 + ψ1 + ψ2 − 2δ˜′l)/2 ,
φ̂3 = (φ2 + φ3 − ψ1 − ψ2 + 2δ˜′l)/2 ,
cos θ̂l = |ei(φ2−φ3)/2 cos θ˜′l cos θ˜l + e−i(φ2−φ3)/2 sin θ˜′l sin θ˜l|,
sin θ̂l = |ei(φ2−φ3)/2 cos θ˜′l sin θ˜l − e−i(φ2−φ3)/2 sin θ˜′l cos θ˜l|,
6
ψ1 = arg[e
iδ˜l(ei(φ2−φ3)/2 cos θ˜′l cos θ˜l + e
−i(φ2−φ3)/2 sin θ˜′l sin θ˜l)] ,
ψ2 = arg[e
−iδ˜l(ei(φ2−φ3)/2 cos θ˜′l sin θ˜l − e−i(φ2−φ3)/2 sin θ˜′l cos θ˜l)] ,
δ̂l = (ψ1 − ψ2)/2 . (2.41)
The phase matrix Q˜N is of the form
Q˜N =
 η1 0 00 η2 0
0 0 kη2
 (2.42)
where η1 and η2 can be either ±1 or ±i. After some straightforward algebra, we find that the
equivalence condition of Eq. (2.39) can be satisfied only for k = ±1. In addition, the following
equality is fulfilled
S23(θ˜ν)Q˜NS
T
23(θ˜
′
ν) = Q˜NS23(kθ˜ν − θ˜′ν) ≡ Q˜NS23(θ̂ν), with θ̂ν = kθ˜ν − θ˜′ν . (2.43)
Thus the equivalence condition of Eq. (2.39) is simplified into
diag(eiφ̂1 , eiφ̂2 , eiφ̂3)U23(θ̂l, δ̂l)U˜Q˜NS23(θ̂ν) = U˜
′ . (2.44)
If we can find a solution for φ̂1, φ̂2, φ̂3, θ̂l, δ̂l, Q˜N and θ̂ν such that Eq. (2.44) is satisfied, UPMNS
and U ′PMNS would be essentially the same mixing pattern.
In order to determine the parameters φ̂2, φ̂3, θ̂l and δ̂l, we can compare the (21) and (31) entries
of the matrices on both sides of the Eq. (2.44), and we obtain
ei(φ̂2−δ̂l)η1(e2iδ̂l cos θ̂l + sin θ̂l) = 1, ei(φ̂3−δ̂l)η1(cos θ̂l − e2iδ̂l sin θ̂l) = 1 , (2.45)
which imply
|e2iδ̂l cos θ̂l + sin θ̂l|2 = 1, | cos θ̂l − e2iδ̂l sin θ̂l|2 = 1 . (2.46)
Consequently θ̂l and δ̂l fulfill
cos 2δ̂l sin 2θ̂l = 0 , (2.47)
which yields
θ̂l = 0, pi/2, or δ̂l = ±pi/4,±3pi/4 . (2.48)
• θ̂l = 0
In this case, from Eq. (2.45) we can find the values of φ̂2 and φ̂3 are
eiφ̂2 = e−iδ̂l/η1, eiφ̂3 = eiδ̂l/η1 , (2.49)
where the parameter δ̂l can take any value.
• θ̂l = pi/2
The parameters φ̂2 and φ̂3 are determined to be
eiφ̂2 = eiδ̂l/η1, e
iφ̂3 = −e−iδ̂l/η1 , (2.50)
where δ̂l is free.
• cos 2δ̂l = 0
We have δ̂l = ±pi/4 or δ̂l = ±3pi/4 in this case, and the values of φ̂2 and φ̂3 are
eiφ̂2 = ei(κ2θ̂l−δ̂l)/η1, eiφ̂3 = ei(κ2θ̂l+δ̂l)/η1 , (2.51)
where κ2 = −ie2iδl is ±1.
7
As regards the parameter θ̂ν , comparing the (12) and (13) entries of the matrices on both sides
of the Eq. (2.44) we find
η2e
−iρ′2
η1
(eiρ2 cos θ̂ν − keiρ3 sin θ̂ν) = 1, η2e
−iρ′3
η1
(keiρ3 cos θ̂ν + e
iρ2 sin θ̂ν) = 1 , (2.52)
which requires
sin 2θ̂ν cos(ρ2 − ρ3) = 0 . (2.53)
Hence the condition θ̂ν = 0, pi/2 or cos(ρ2 − ρ3) = 0 should be fulfilled. In the following, we shall
further analyze the equivalence condition of Eq. (2.44) for the (22), (23), (32) and (32) entries.
• θ̂ν = 0
Inserting this value of θ̂ν into Eq. (2.52), we can obtain
η2 = η1e
i(ρ′2−ρ2), k = ei(ρ
′
3−ρ3−ρ′2+ρ2) . (2.54)
Taking into account the constraint in Eq. (2.47), we find that the equivalence condition of
Eq. (2.44) entails
â5 = b̂5, â6 = b̂6, for θ̂l = 0 , (2.55)
â5 = b̂6, â6 = b̂5, for θ̂l = pi/2 . (2.56)
For the case of cos 2δ̂l = 0, the parameter θ̂l is fixed to be
tan θ̂l = iκ2
b̂5 − â5
â6 − b̂5
. (2.57)
The solutions of tan θ̂l should be real, i.e.
i(â5 − b̂5)(â6 − b̂5)∗ ∈ R . (2.58)
As both U˜ and U˜ ′ shown in Eqs. (2.31,2.36) are unitary matrices, one can show that the
above constraint of Eq. (2.58) is satisfied automatically. We see the that UPMNS and U
′
PMNS
would give the same lepton mixing if the condition in Eq. (2.54) is fulfilled.
• θ̂ν = pi/2
Solving the equation Eq. (2.52), we find
η2 = η1e
i(ρ′3−ρ2), k = −ei(ρ′2−ρ3−ρ′3+ρ2) . (2.59)
Furthermore, the equivalence condition of Eq. (2.44) requires
â5 = b̂6, â6 = b̂5, for θ̂l = 0 , (2.60)
â5 = b̂5, â6 = b̂6, for θ̂l = pi/2 , (2.61)
tan θ̂l = iκ2
b̂5 − â6
â5 − b̂5
, for cos 2δ̂l = 0 . (2.62)
This means that the solution for equivalence condition Eq. (2.44) always exists once the
condition of Eq. (2.59) is satisfied.
• cos(ρ2 − ρ3) = 0
In this case, the phases ρ2 and ρ3 are correlated as follow,
eiρ3 = iκ1e
iρ2 , with κ1 = ±1 . (2.63)
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Plugging this identity into Eq. (2.52), we obtain
η2 = η1e
i(ρ′2−ρ2+kκ1θ̂ν), eiρ
′
3 = ikκ1e
iρ′2 , (2.64)
which implies
tan θ̂ν = kκ1 tan
(
ρ2 − ρ′2
)
, for η2/η1 = ±1 ,
tan θ̂ν = −kκ1 cot
(
ρ2 − ρ′2
)
, for η2/η1 = ±i . (2.65)
In a similar way as previous cases, we find for θ̂l = 0, pi/2, the equivalence of UPMNS and
U ′PMNS imposes additional constraint,
tan
(
ρ2 − ρ′2
)
= i
b̂5 − â6
â5 − b̂5
, or tan
(
ρ2 − ρ′2
)
= i
â5 − b̂5
b̂5 − â6
. (2.66)
For the case of cos 2δ̂l = 0, the angle θ̂l is determined to be
tan(kκ1θ̂ν + κ2θ̂l) = i
â5 − b̂5
b̂5 − â6
. (2.67)
In short summary, UPMNS and U
′
PMNS in Eq. (2.23) predicted by two distinct residual sym-
metry would be the same lepton mixing pattern if one of the conditions in Eq. (2.54), Eq. (2.59)
and Eq. (2.63), Eq. (2.64) are fulfilled with a1 = b1. These necessary and sufficient conditions for
the equivalence of the two mixing patterns in this scenario can be compactly written as
e4i(ρ
′
2−ρ2) = 1, e2i(ρ
′
2−ρ′3−ρ2+ρ3) = 1 , (2.68)
or
e4i(ρ
′
2−ρ3) = 1, e2i(ρ
′
2−ρ′3−ρ3+ρ2) = 1 , (2.69)
or
e2i(ρ2−ρ3) = −1, e2i(ρ′2−ρ′3) = −1 . (2.70)
We would like to remind that the fixed element has to be equal, i.e., a1 = b1.
2.2 Examples of lepton mixing patterns from ∆(6n2) and CP symmetries
In the following, we shall analyze the lepton mixing patterns that arise from the breaking
of ∆(6n2) and CP symmetry to the residual symmetries Z2 in the charged lepton sector and to
Z2 × CP in the neutrino sector. ∆(6n2) is a series of SU(3) subgroup, it can be determined in
terms of four generators a, b, c and d which obey the following relations [41,42,69–71]
a3 = b2 = (ab)2 = cn = dn = 1, cd = dc,
aca−1 = c−1d−1, ada−1 = c , bcb−1 = d−1, bdb−1 = c−1 . (2.71)
The ∆(6n2) group has 6n2 elements which is of the form
g = aαbβcγdδ , (2.72)
where α = 0, 1, 2, β = 0, 1 and c, d = 0, 1, . . . , n − 1. The ∆(6n2) group theory including the
conjugate classes, inequivalent irreducible representations and Clebsch-Gordan coefficients has been
presented in Ref. [42]. We shall assign the three generations of left-handed leptons to a faithful
irreducible three-dimensional representation 3 in which the four generators are represented by
a =
0 1 00 0 1
1 0 0
 , b = −
0 0 10 1 0
1 0 0
 , c =
η 0 00 η−1 0
0 0 1
 , d =
1 0 00 η 0
0 0 η−1
 , (2.73)
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with η = e2pii/n. For other faithful three-dimensional representations of ∆(6n2) group, the set of
all matrices coincide with those of 3 up to an overall sign such that all conclusions obtained in a
comprehensive study of lepton mixing using 3 also hold for other triplets. As shown in Ref. [42],
if n is not divisible by three or the doublet representations 22, 23 and 24 are absent for 3|n,
the generalized CP symmetry can be consistently combined with the ∆(6n2) flavor symmetry,
and it is of the same form as the flavor symmetry transformation in our working basis. For the
sake of notational simplicity, we shall not distinguish the abstract elements of ∆(6n2) and their
representation matrices in the following.
Now we proceed to determine all possible Z2 and Z2 × CP subgroups of the ∆(6n2) and CP
symmetries. The order two elements of the ∆(6n2) group are
bcxdx, abcx, a2bdx, x = 0, 1 . . . n− 1 , (2.74)
which are conjugate to each other. It has another three Z2 elements
cn/2, dn/2, cn/2dn/2 , (2.75)
if the group index n is even. Notice that the three elements in Eq. (2.75) are conjugate to each other
as well. The residual CP transformation Xν should be a symmetric unitary matrix. Consequently
the viable residual CP transformations originating from the generalized CP symmetry compatible
with ∆(6n2) are
cγdρ, bcγd−γ , abcγd2γ , a2bc2γdγ , γ, ρ = 0, 1, . . . , n− 1 . (2.76)
As regards the residual symmetry Zgν2 ×Xν , the constrained consistency condition of Eq. (2.8) has
to be satisfied. As a consequence, there are only nine kinds of Zgν2 ×Xν subgroups,
gν = bc
xdx, Xν = c
γd−2x−γ , bcx+γd−x−γ ,
gν = abc
x, Xν = c
γd2x+2γ , abcx+γd2x+2γ ,
gν = a
2bdx, Xν = c
2x+2γdγ , a2bc2x+2γdx+γ ,
gν = c
n/2, Xν = c
γdρ ,
gν = c
n/2, Xν = abc
γd2γ ,
gν = d
n/2, Xν = c
γdρ ,
gν = d
n/2, Xν = a
2bc2γdγ ,
gν = c
n/2dn/2, Xν = c
γdρ ,
gν = c
n/2dn/2, Xν = bc
γd−γ , (2.77)
where x, γ, ρ = 0, 1, . . . , n− 1. After considering all possible choices for Zgl2 and Zgν2 ×Xν , we find
that only the following five combinations of residual symmetries (Zgl2 , Z
gν
2 , Xν) can accommodate
the experimental data,
(Zbc
xdx
2 , Z
bcydy
2 , {cγd−2y−γ , bcy+γd−y−γ}) ,
(Zbc
xdx
2 , Z
abcy
2 , {cγd2y+γ , abcy+γd2y+2γ}) ,
(Zbc
xdx
2 , Z
cn/2
2 , c
γdρ) ,
(Zbc
xdx
2 , Z
cn/2
2 , abc
γd2γ) ,
(Zc
n/2
2 , Z
bcxdx
2 , {cγd−2x−γ , bcx+γd−x−γ}) . (2.78)
In the following, we shall analyze the predictions for lepton flavor mixing for each possible residual
symmetries.
(I) gl = bc
xdx, gν = bc
ydy, Xν =
{
cγd−2y−γ , bcy+γd−y−γ
}
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In this case, the unitary transformation Σl is chosen to be
Σl =
1√
2
−e− 2ipixn 0 e− 2ipixn0 √2 0
1 0 1
 . (2.79)
The Takagi factorization Σν for Xν is
Σν =
1√
2
 −e
ipiγ
n e
ipiγ
n 0
0 0 −√2e− 2ipi(y+γ)n
e
ipi(2y+γ)
n e
ipi(2y+γ)
n 0
 . (2.80)
Then the matrix Σ = Σ†lΣν is of the form
Σ =
 cosϕ1 −i sinϕ1 00 0 −e−iϕ2
−i sinϕ1 cosϕ1 0
 , (2.81)
where an overall phase is omitted and the parameters ϕ1 and ϕ2 are given by
ϕ1 =
x− y
n
pi, ϕ2 =
x+ 3(y + γ)
n
pi . (2.82)
Using the master formula of Eq. (2.17), we find the lepton mixing matrix is given by
UI =
 cosϕ1 sν sinϕ1 −cν sinϕ1−sl sinϕ1 clcνeiδ + slsν cosϕ1 clsνeiδ − cνsl cosϕ1
cl sinϕ1 cνsle
iδ − clsν cosϕ1 slsνeiδ + clcν cosϕ1
 , (2.83)
up to independent row and column permutations, where both phases matrices Ql and Qν are
neglected for simplicity, and the parameters cl, sl, cν , sν and δ denote
cl ≡ cos θl, sl ≡ sin θl, cν ≡ cos θν , sν ≡ sin θν , δ ≡ 2δl − ϕ2 . (2.84)
Since δl is a continuous free parameters, the discrete parameters ϕ2 can be absorbed by δl and it
will not appear in UI explicitly. The parameters ϕ1 can take following discrete values
ϕ1 (mod 2pi) = 0,
1
n
pi,
2
n
pi, ...,
2n− 1
n
pi . (2.85)
Moreover, we see that the matrix UI satisfies the following symmetry properties,
UI(ϕ1, θl + pi, θν , δ) = diag(1,−1,−1)UI(ϕ1, θl, θν , δ) ,
UI(ϕ1, pi − θl, θν , δ) = diag(1, 1,−1)UI(ϕ1, θl, θν , δ − pi) ,
UI(ϕ1, θl, pi + θν , δ) = UI(ϕ1, θl, θν , δ)diag(1,−1,−1) ,
UI(ϕ1 + pi, θl, θν , δ) = UI(ϕ1, θl, pi − θν , δ)diag(−1,−1, 1) ,
UI(pi − ϕ1, θl, θν , δ) = diag(−1, 1, 1)UI(ϕ1, θl, pi − θν , δ)diag(1,−1, 1) ,
UI(ϕ1, θl, θν , pi + δ) = UI(ϕ1, θl, pi − θν , δ)diag(1, 1,−1) ,
UI(ϕ1, θl, θν , pi − δ) = U∗I (ϕ1, θl, pi − θν , δ)diag(1, 1,−1) . (2.86)
Note that the above diagonal matrices can be absorbed into Ql and Qν . As a result, it is sufficient
to focus on the fundamental regions of 0 ≤ ϕ1 ≤ pi/2, 0 ≤ θl < pi/2, 0 ≤ θν < pi and 0 ≤ δ < pi. We
find that the elements cosϕ1 is independent of the free parameters and it is completely determined
by residual symmetry. Depending on the value of the discrete parameter ϕ1, the fixed element
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cosϕ1 can be in any position of the PMNS mixing matrix. Hence the row and column permutations
lead to nine independent mixing patterns
UI,1 = UI , UI,2 = UIP12, UI,3 = UIP13 ,
UI,4 = P12UI , UI,5 = P12UIP12, UI,6 = P12UIP13 ,
UI,7 = P23P12UI , UI,8 = P23P12UIP12, UI,9 = P23P12UIP13 .
(2.87)
In the following, we shall perform a numerical analysis of the predictions for the lepton mixing
angles and CP violation phases. We shall scan over the free parameters θl, θν and δ, and all
possible values of the discrete parameter ϕ1 for certain n will be considered. For the group
∆(6 · 22) ∼= S4, the values of ϕ1 can be 0 and pi/2. Consequently the fixed element cosϕ1 is either
0 or 1 such that the measured lepton mixing angles can not be accommodated. Thus we consider
the next small group with n = 3, then the possible values of ϕ1 are 0 and pi/3 in the regions
of ϕ1 ∈ [0, pi/2]. Recalling that the fixed elements of the PMNS matrix is cosϕ1, therefore only
the case of ϕ1 = pi/3 can generate a phenomenological viable mixing pattern since cos 0 = 1 is
excluded by the experimental data. For ϕ1 = pi/3, the fixed elements cosϕ1 = 1/2 can be the (21),
(22), (31), (32) entries of the PMNS matrix. Hence only UI,4, UI,5, UI,7, UI,8 can be in accordance
with the experimental data. We require all the three mixing angles θ12, θ13 and θ23 lie in their 3σ
regions of experimental data [2]. The obtained regions of mixing angles and CP violation phases
are summarized in table 1.
For the mixing matrix UI,4 with ϕ1 = pi/3, neearly any value of θ13 in its 3σ range can be achieved,
the solar angle θ12 is found to lie in [32.989
◦, 36.031◦], and in most cases the atmospheric angle
θ23 lies in the first octant since θ23 ∈ [40.280◦, 45.843◦]. As regards the CP violation phases, the
Dirac CP phase δCP is predicted to be around 0/2pi, namely, δCP ∈ [0, 0.304pi] ∪ [1.696pi, 2pi], and
the Majorana phases are constrained to lie around 0, pi in the following intervals α21(mod pi) ∈
[0, 0.138pi] ∪ [0.863pi, pi] and α31(mod pi) ∈ [0, 0.085pi] ∪ [0.915pi, pi]. The correlations between
different mixing parameters for the mixing pattern UI,4 with ϕ1 = pi/3 are displayed in figure 7.
We see that the CP violation phases are strongly correlated with each other.
For the mixing pattern UI,5 with ϕ1 = pi/3, approximately the whole 3σ ranges of θ13 and θ12
can be reproduced, as can be seen from table 1. The atmospheric angle is in the second octant
with θ23 ∈ [45.635◦, 51.531◦]. The allowed regions of the three CP violating phases are found
to be δCP ∈ [0, 0.464pi] ∪ [1.536pi, 2pi], α21(modpi) ∈ [0, 0.252pi] ∪ [0.748pi, pi] and α31(modpi) ∈
[0, 0.162pi] ∪ [0.838pi, pi] respectively. All the mixing angles and CP phases depend on three free
parameters θl, θν and δ, in particular we have the sum rule
cos δCP =
4 cos2 θ12 cos
2 θ23 + 4 sin
2 θ12 sin
2 θ13 sin
2 θ23 − 1
2 sin 2θ12 sin 2θ23 sin θ13 cos δCP
(2.88)
Hence we expect the mixing parameters should be correlated with each other. Figure 8 shows that
there are really peculiar correlations between θ23 and three CP violation phases, and the values of
δCP , α21 and α31 are highly correlated.
Furthermore we notice that UI,7 and UI,8 can be obtained from UI,4 and UI,5 by exchanging the
second and third rows of the mixing matrix respectively. As a consequence, UI,7 and UI,8 lead to
same predictions for θ12, θ13, α21 and α31 as with UI,4 and UI,5 respectively. The predicted ranges
of θ23 get approximately reflected around 45
◦, i.e., sin2 θ23 → 1 − sin2 θ23. The allowed ranges of
δCP of UI,7 and UI,8 with ϕ3 = pi/3 can be obtained by shifting pi of the corresponding ranges of
UI,4 and UI,5 respectively, i.e., δCP → δCP + pi.
Since the three CP violating phases δCP , α21 and α31 are predicted to lie in narrow regions and
they are strongly correlated. It is possible to derive specific predictions for the effective mass |mee|
of the neutrinoless double decay. The effective mass |mee| is expressed in terms of light neutrino
masses and lepton mixing parameters as
|mee| =
∣∣∣m1 cos2 θ12 cos2 θ13 +m2 sin2 θ12 cos2 θ13eiα21 +m3 sin2 θ13ei(α31−2δCP )∣∣∣ . (2.89)
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case θ13/
◦ θ12/◦ θ23/◦ δCP /pi α21/pi (mod 1) α31/pi (mod 1)
UI,4
∣∣
ϕ1=
pi
3
8.091− 8.979 32.989− 36.031 40.280− 45.843 0− 0.304 0− 0.138 0− 0.085⊕1.696− 2 ⊕0.863− 1 ⊕0.915− 1
UI,5
∣∣
ϕ1=
pi
3
8.091− 8.979 31.435− 36.031 45.635− 51.531 0− 0.464 0− 0.252 0− 0.162⊕1.536− 2 ⊕0.748− 1 ⊕0.838− 1
UII,1
∣∣
ϕ4=
pi
3
8.091− 8.979 32.992− 36.031 40.280− 45.845 0− 0.303 0− 0.291 0.150− 0.361⊕1.697− 2 ⊕0.709− 1 ⊕0.639− 0.850
UII,2
∣∣
ϕ4=
pi
3
8.091− 8.979 31.435− 36.031 45.625− 51.136 0− 0.444 0− 1 0− 0.380⊕1.556− 2 ⊕0.620− 1
UIII,2
∣∣
ϕ6=0
8.096− 8.975 31.435− 36.031 45.580− 45.715 0− 2 0− 0.228 0− 0.168⊕0.772− 1 ⊕0.832− 1
UIII,3
∣∣
ϕ6=0
8.091− 8.979 31.435− 33.388 50.140− 51.531 0− 0.225 0− 0.128 0− 0.098⊕1.775− 2 ⊕0.872− 1 ⊕0.902− 1
UIV,1
∣∣
θ′ν=0
8.862− 8.979 35.909− 36.031 45.696− 45.715 0− 0.054 0− 0.034 0− 0.019⊕1.946− 2 ⊕0.967− 1 ⊕0.981− 1
Table 1: The allowed ranges of the mixing parameters for the viable mixing patterns arising from the scenario in
which the ∆(6n2) and CP symmetries are broken down to the remnant symmetries Z2 and Z2 × CP in the charged
lepton and neutrino sectors respectively. Here we require all the three mixing angles are in their experimentally
preferred 3σ intervals [2].
The most general allowed regions of |mee| versus the lightest neutrino mass mlightest for UI,4 and
UI,5 are presented in figures 1. Since the first row of UI,7 and UI,8 are in common with the
corresponding one of UI,4 and UI,5 respectively, they don’t lead to new predictions for the effective
mass |mee|. We see that the effective mass |mee| for inverted ordering (IO) is around the boundaries
of the area allowed in the generic case. For the case of normal ordering (NO), strong cancellation
in |mee| can occur for certain values of the lightest neutrino mass. Future experiments searching
for 0νββ decay is capable of probing all the IO region. Along with the predictions for the neutrino
oscillation parameters, the predicted range for |mee| can also be used to test our approach.
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Figure 1: The allowed regions of the effective Majorana mass |mee| with respect to the lightest neutrino mass for
UI,4 (the left panel) and UI,5 (the right panel) with ϕ1 = pi/3. The red (blue) dashed lines indicate the most
general allowed regions for IO (NO) neutrino mass spectrum obtained by varying the mixing parameters over their
3σ ranges [2]. The present most stringent upper bound |mee| < 0.061 eV from KamLAND-ZEN [72] and EXO-200 [73]
is shown by horizontal grey band. The vertical grey exclusion band denotes the current sensitivity of cosmological
data from the Planck collaboration [74].
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(II) gl = bc
xdx, gν = abc
y, Xν =
{
cγd2y+2γ , abcy+γd2y+2γ
}
The Takagi factorization matrix Σν is given by
Σν =
1√
2
 −e
ipiγ
n 0 e
ipiγ
n
e
ipi(2y+γ)
n 0 e
ipi(2y+γ)
n
0 −√2e− 2ipi(y+γ)n 0
 . (2.90)
Thus the Σ matrix is of the following form
Σ =
1
2
 1 −
√
2eiϕ4 −1√
2eiϕ3 0
√
2eiϕ3
−1 −√2eiϕ4 1
 , (2.91)
where an overall phase is omitted, and the discrete parameters ϕ3 and ϕ4 determined by the
residual symmetries are of the form
ϕ3 =
2(y − x)
n
pi, ϕ4 = −3γ + 2(x+ y)
n
pi . (2.92)
The lepton mixing matrix is found to be
UII =
1
2
 1 cν +√2eiϕ4sν sν −√2eiϕ4cνsl +√2eiδcl slcν −√2(eiδclcν + eiϕ4slsν) slsν −√2(eiδclsν − eiϕ4slcν)
cl −
√
2eiδsl clcν +
√
2(eiδslcν − eiϕ4clsν) clsν +
√
2(eiδslsν + e
iϕ4clcν)
 , (2.93)
where δ = −2δl + ϕ3. The parameters ϕ4 can take following discrete values
ϕ4 (mod 2pi) = 0,
1
n
pi,
2
n
pi, ...,
2n− 1
n
pi . (2.94)
We can check that UII satisfy the following symmetry properties,
UII(ϕ4 + pi, θl, θν , δ) = UII(ϕ4, θl, pi − θν , δ)diag(1,−1, 1) ,
UII(ϕ4, θl, θν , pi + δ) = diag(1, 1,−1)UII(ϕ4, pi − θl, θν , δ) .
Therefore the fundamental regions of ϕ4 and δ are 0 ≤ ϕ4 < pi and 0 ≤ δ < pi. From Eq. (2.93) we
know that the fixed elements of PMNS matrix is 12 in this case. In order to be compatible with
experimental data, the element 12 should be (21), (22), (31) or (32) entries of the mixing matrix.
Consequently we have four phenomenologically viable forms of the lepton mixing matrix in this
case,
UII,1 = P12UII , UII,2 = P12UIIP12 ,
UII,3 = P23P12UII , UII,4 = P23P12UIIP12 . (2.95)
Since UII,3 and UII,4 are related to UII,1 and UII,2 through the exchange of the second and third
rows of the PMNS matrix. Thus, they lead to the same reactor and solar mixing angles, while the
atmospheric one changes from θ23 to pi/2− θ23 and the Dirac changes from δCP to pi+ δCP . Hence
it is sufficient to only consider the mixing patterns UII,1 and UII,2. For the group ∆(6 · 22) ∼= S4,
the parameter ϕ4 can be 0 or pi/2, and the mixing pattern UII for ϕ4 = 0 and ϕ4 = pi/2 correspond
to the cases of Group C and Group D of Ref. [59] exactly. Then we turn to the next flavor
group ∆(6 · 32) = ∆(54), the discrete parameter ϕ4 can take the values of 0, pi/3 and 2pi/3. By
applying the equivalence criterion derived in subsection 2.1, we find that UII for ϕ4 = 0 gives the
same mixing pattern as UI with ϕ1 = pi/3, and the mixing matrix UII for ϕ4 = pi/3 and ϕ4 = 2pi/3
are equivalent. For the mixing matrices UII,1 and UII,2 with ϕ4 = pi/3, the predicted ranges of
the mixing angles and CP phases are summarized in table 1. We notice that UII,1 and UI,4 give
similar allowed intervals of the mixing angles θij and δCP , this is because the fixed element 1/2 is
the (21) entry in both cases. The allowed regions of θij and δCP are also similar for UII,2 and UI,5,
and the fixed element 1/2 is the (22) entry. The correlations between different mixing parameters
are plotted in figure 9 and figure 10. As previous cases, we see that θ23 is correlated with CP
violation phases, and there are also strong correlations among the CP phases. We plot the allowed
regions of |mee| in figure 2.
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Figure 2: The allowed regions of the effective Majorana mass |mee| with respect to the lightest neutrino mass for the
mixing pattern UII with ϕ4 = pi/3. We adopt the same conventions as figure 1. The top row and bottom rows are for
UII,1 and UII,2 respectively. The left panels correspond to (k1, k2) = (0, 0), (0, 1), and the right panels correspond
to (k1, k2) = (1, 0), (1, 1).
(III) gl = bc
xdx, gν = c
n/2, Xν = {cγdρ}
The group index n should be even in order for the group to have a Z2 generating element c
n/2. In
the same fashion as previous cases, the matrix Σ reads as
Σ =
1√
2
 1 0 −e−iϕ60 −√2eiϕ5 0
1 0 e−iϕ6
 , (2.96)
with
ϕ5 =
2ρ− γ
n
pi, ϕ6 = −2x+ γ + ρ
n
pi . (2.97)
As a consequence, the lepton mixing matrix takes the following form
UIII =
1√
2
−eiϕ6 sν cνeiϕ6sl slsν −√2eiδclcν slcν +√2eiδclsν
eiϕ6cl clsν +
√
2eiδslcν clcν −
√
2eiδslsν
 , (2.98)
where the parameter δ = 2δl + ϕ5 + ϕ6. We see that the value of ϕ5 is irrelevant, and the
contribution of ϕ6 is only to shift the Majorana phases. The parameter ϕ6 can take following
discrete values
ϕ6 (mod 2pi) = 0,
1
n
pi,
2
n
pi, ...,
2n− 1
n
pi . (2.99)
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We can check that UIII has the following symmetry properties:
UIII(ϕ6, θl, θν , pi + δ) = UIII(ϕ6, θl, pi − θν , δ)diag(1, 1,−1) ,
UIII(ϕ6 + pi, θl, θν , δ) = UIII(ϕ6, θl, θν , δ)diag(−1, 1, 1) ,
UIII(ϕ6 +
pi
2
, θl, θν , δ) = UIII(ϕ6, θl, θν , δ)diag(i, 1, 1) ,
UIII(pi − ϕ6, θl, θν , pi − δ) = U∗III(ϕ6, θl, pi − θν , δ)diag(−1, 1,−1) . (2.100)
Therefore the parameters ϕ6 and δ can be limited in the ranges of 0 ≤ ϕ6 < pi/2 and 0 ≤ δ < pi. One
element of the mixing matrix is −eiϕ6/√2 whose module is 1/√2, it should be the (22), (23), (32) or
(33) entries of the PMNS matrix be compatible with experimental data. Hence the permutations
of rows and columns give rise to four viable mixing patterns:
UIII,1 = P12UIIIP12 , UIII,2 = P12UIIIP13 ,
UIII,3 = P23P12UIIIP12 , UIII,4 = P23P12UIIIP13 , (2.101)
We see that UIII,3 and UIII,4 are related to UIII,1 and UIII,2 through the permutation of the
second and the third rows respectively. Moreover, the predictions for a generic nonzero ϕ6 can be
read from those of ϕ6 = 0, since they lead to the same mixing angles and Dirac CP phase δCP
while the Majorana phase α21 (α31) differs by 2ϕ6 for the mixing patterns UIII,1 and UIII,3 (UIII,2
and UIII,4). Hence it is sufficient to focus on the mixing patterns UIII,1 and UIII,2 with ϕ6 = 0.
For the S4 group with the index n = 2, the value of ϕ6 can only be 0 in the fundamental interval
0 ≤ ϕ6 < pi/2. We find the concerned residual symmetry is exactly the Group B case of Ref. [59].
Then we perform a numerical analysis. Regarding the mixing matrix UIII,2 with ϕ6 = 0, both θ13
and θ12 can approximately take any values within their 3σ regions. By contrast, the allowed range
of θ23 is quite narrow and it is close to 45
◦, namely, θ23 ∈ [45.580◦, 45.715◦]. The reason is that the
absolute value of the (23) element is 1/
√
2 and consequently the sum rule sin2 θ23 cos
2 θ13 = 1/2
is fulfilled in this case. No prediction for the Dirac CP phase δCP can be extracted and it can be
any value between 0 and 2pi while the Majorana phases are constrained to be around 0/pi with
α21(mod pi) ∈ [0, 0.228pi] ∪ [0.772pi, pi] and α31(mod pi) ∈ [0, 0.168pi] ∪ [0.832pi, pi]. The three CP
violation phases are correlated as shown in figure 11.
For the mixing matrix UIII,3 with ϕ6 = 0, nearly the 3σ region of the reactor mixing angle θ13
can be reproduced, the solar angle is predicted to lie in the narrow range θ12 ∈ [31.435◦, 33.388◦],
and the atmospheric mixing angle θ23 belongs to the second octant 50.140
◦ ≤ θ23 ≤ 51.531◦.
Furthermore, this case has clear and interesting prediction for the Dirac phase δCP ∈ [0, 0.225pi]∪
[1.775pi, 2pi). As regards the Majorana CP phases, they are found close to the CP conserved
limit, i.e., α21(mod pi) ∈ [0, 0.128pi] ∪ [0.872pi, pi] and α31(mod pi) ∈ [0, 0.098pi] ∪ [0.902pi, pi]. The
correlations among the mixing parameters are displayed in figure 12, it is obvious that mixing
parameters are strongly correlated with each other. The predictions for efective Majorana mass
|mee| characterizing the neutrinoless double beta decay are shown in figure 3. We see that effective
mass |mee| is predicted to be around the borders of the generic case for IO. For NO mass spectrum,
|mee| can be strongly suppressed to be smaller than 10−4 eV because of strong cancellations in
certain intervals of mlightest.
(IV) gl = bc
xdx, gν = c
n/2, Xν =
{
abcγd2γ
}
In this case, the residual flavor symmetry Zgν2 = Z
cn/2
2 requires that the group index n has to be
even. The Σ matrix is of the following form
Σ =
1
2

√
2e−iϕ7 − ieiϕ8 −eiϕ8
0 − i√2 √2√
2e−iϕ7 ieiϕ8 eiϕ8
 , (2.102)
up to an overall nonphysical phase, and the discrete parameters ϕ7 and ϕ8 are given by
ϕ7 =
3γ
n
pi, ϕ8 =
2x
n
pi . (2.103)
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Figure 3: The allowed regions of the effective Majorana mass |mee| with respect to the lightest neutrino mass for the
mixing pattern UIII with ϕ6 = 0. We adopt the same conventions as figure 1. The left panel is for UIII,1 and the
right is for UIII,2.
Then we can read off the lepton mixing matrix
UIV =
1
2
 1 1 −
√
2eiθ
′
ν
sl +
√
2eiδcl sl −
√
2eiδcl
√
2eiθ
′
νsl
cl −
√
2eiδsl cl +
√
2eiδsl
√
2eiθ
′
νcl
 , (2.104)
where the parameters δ and θ′ν are defined as
δ = 2δl − 2θν − ϕ8, θ′ν = −θν − ϕ7 − ϕ8 . (2.105)
Thus the discrete parameters ϕ7 and ϕ8 can be absorbed into the continuous parameters. We see
that the mixing matrix UIV is independent of group index n, consequently this mixing pattern will
appear in the discussion of any ∆(6n2) group. For the flavor group S4 with n = 2, UIV coincides
with the mixing matrix of Group A in [59]. Furthermore, we see that the following identities are
fulfilled
UIV (θl + pi, θ
′
ν , δ) = diag(1,−1,−1)UIV (θl, θ′ν , δ) ,
UIV (θl, θ
′
ν +
pi
2
, δ) = UIV (θl, θ
′
ν , δ)diag(1, 1, i) ,
UIV (θl, θ
′
ν , pi + δ) = diag(1, 1,−1)UIV (pi − θl, θ′ν , δ) . (2.106)
Notice that the contribution of the free parameter θ′ν is to shift the Majorana phase α31 by 2θ′ν .
From Eq. (2.104) we see that the magnitude of one row of UIV is (1/2, 1/2, 1/
√
2), and consequently
only two mixing patterns compatible with data can be obtained,
UIV,1 = P12UIV , UIV,2 = P23P12UV . (2.107)
We can extract the following results for the neutrino mixing angles
sin2 θ13 =
1
2
sin2 θl, sin
2 θ12 =
1
2
−
√
2 sin 2θl cos δ
3 + cos 2θl
,
sin2 θ23 =
2
3 + cos 2θl
for UIV,1, sin
2 θ23 =
1 + cos 2θl
3 + cos 2θl
for UIV,2 . (2.108)
The atmospheric and reactor mixing angles are related as
cos2 θ13 sin
2 θ23 =
1
2
for UIV,1,
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cos2 θ13 cos
2 θ23 =
1
2
for UIV,2 . (2.109)
Furthermore, we see that θ12 and θ13 fulfill the following inequality
1
2
− tan θ13
√
1− tan2 θ13 ≤ sin2 θ12 ≤ 1
2
+ tan θ13
√
1− tan2 θ13 . (2.110)
Considering the 3σ allowed region 0.01981 ≤ sin2 θ13 ≤ 0.02436 from the latest global data fit [2],
we find
0.344 ≤ sin2 θ12 ≤ 0.656,
{
0.510 ≤ sin2 θ23 ≤ 0.512 for UIV,1 ,
0.488 ≤ sin2 θ23 ≤ 0.490 for UIV,2 .
(2.111)
We see that both θ12 and θ23 lie in the experimentally preferred 3σ range although θ12 is around
its 3σ upper bound 0.346 given in [2]. We report the variation regions of all the mixing angles and
CP phases in table 1 for the case of θ′ν = 0.
The forthcoming reactor neutrino oscillation experiments, such as JUNO [75] and RENO-50 [76],
expect to make very precise measurements of the solar neutrino mixing angle θ12. They will be
capable of reducing the error of θ12 to about 0.1
◦ or around 0.3%. Future long baseline experiments
DUNE [77–80], T2HK [81,82], T2HKK [83] can make very precise measurements of the oscillation
parameters θ12, θ23 and δCP . Therefore future neutrino facilities have the potential to test the
above predictions for mixing angles and δCP , or to rule them out entirely. Furthermore, we expect
that a more ambitious facility such as the neutrino factory [84–86] could provide a more stringent
tests of our approach. A quantitative discussion of whether and how the upcoming neutrino
experiments can exclude certain mixing patterns predicted above deserves a dedicate full work of
its own, it is beyond the scope of present work.
3 Quark flavor mixing from flavor and CP symmetries breaking
to residual symmetries Z2 and Z2 × CP
In this section, we extend the approach of predicting lepton flavor mixing in section 2 to the
quark sector. Analogously we assume that the three generations of left-handed quark doublets
transform as a faithful irreducible triplet 3 of the flavor symmetry group Gf . The residual symme-
tries of the up and down quark sectors are denoted as Gu and Gd respectively. Firstly we consider
the scenario that the flavor and CP symmetries are broken down to Gu = Z
gu
2 and Gd = Z
gd
2 ×Xd
with g2u = g
2
d = 1. As a consequence, the up quark mass matrix mU and the down quark mass
matrix mD are invariant under the action of Gu and Gd, i.e.
ρ†3(gu)m
†
UmUρ3(gu) = m
†
UmU ,
ρ†3(gd)m
†
DmDρ3(gd) = m
†
DmD, X
†
dm
†
DmDXd = (m
†
DmD)
∗ . (3.1)
In the same manner as section 2, we find that the residual symmetry constrains the diagonalization
matrices Uu and Ud of m
†
UmU and m
†
DmD are of the following form
Uu = ΣuU
†
23(θu, δu)P
T
u Q
†
u, Ud = ΣdS23(θd)PdQd , (3.2)
where Σu and Σd are unitary and they satisfy
Σ†uρ3(gu)Σu = ±diag(1,−1,−1) ,
Σ†dρ3(gd)Σd = ±diag(1,−1,−1), Xd = ΣdΣTd . (3.3)
Therefore the quark mixing CKM matrix is determined to be
VCKM = U
†
uUd = QuPuU23(θu, δu)Σ
†
uΣdS23(θd)PdQd , (3.4)
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where Pu and Pd are permutation matrices, Qu and Qd are arbitrary diagonal phases matrices and
they can be absorbed by redefining quark fields. The range of variation of the free parameters θu,
δu and θd can be taken to be [0, pi/2], [0, pi) and [0, pi), respectively.
For an alternative scenario in which the quark sector residual symmetries are Gu = Z
gu
2 ×Xu
and Gd = Z
gd
2 , the unitary transformations Uu and Ud would be
Uu = ΣuS23(θu)PuQu, Ud = ΣdU
†
23(θd, δd)P
T
d Q
†
d , (3.5)
where
Σ†uρ3(gu)Σu = ±diag(1,−1,−1) , ΣuΣTu = Xu , Σ†dρ3(gd)Σd = ±diag(1,−1,−1) . (3.6)
Consequently the CKM mixing matrix is given as
VCKM = Q
†
uP
T
u S
T
23(θu)Σ
†
uΣdU
†
23(θd, δd)P
T
d Q
†
d , (3.7)
with θd ∈ [0, pi/2] and θu, δd ∈ [0, pi). In both scenarios, one element of the CKM matrix is fixed
to be certain constant which is the (11) entry of Σ†uΣd. We note that for a certain pair of residual
symmetries Z2 and Z2 × CP , the CKM matrix of Gu = Z2 and Gd = Z2 × CP is related to the
CKM matrix of Gu = Z2 × CP and Gd = Z2 by a hermitian conjugate up to the redefinition of
continuous parameters.
3.1 The criterion for the equivalence of two quark mixing patterns
Similar to the lepton flavor mixing studied in section 2, two different residual symmetries in
quark sector may lead to the same mixing patterns. Following similar procedure presented in
section 2.1, we can find the sufficient and necessary condition under which the CKM matrices
predicted by two residual symmetries are equivalent. For two residual symmetries {Zgu2 , Zgd2 ×
Xd} and {Zg
′
u
2 , Z
g′d
2 × X ′d}, the resulting CKM mixing matrices are denoted as VCKM and V ′CKM
respectively with
VCKM = QuPuU23(θu, δu)Σ
†
uΣdS23(θd)PdQd,
V ′CKM = Q
′
uP
′
uU23(θ
′
u, δ
′
u)Σ
′†
uΣ
′
dS23(θ
′
d)P
′
dQ
′
d . (3.8)
Obviously the fixed element has to be equal if the two mixing patterns are equivalent, and we
assume it is the (11) entry of the CKM mixing matrix. Without loss of generality we could choose
Pu = Pd = P
′
u = P
′
d = 1, consequently VCKM and V
′
CKM become
VCKM = QuU23(θu, δu)V S23(θd)Qd, V ≡ Σ†uΣd ,
V ′CKM = Q
′
uU23(θ
′
u, δ
′
u)V
′S23(θ′d)Q
′
d, V
′ ≡ Σ′†uΣ′d . (3.9)
The constant matrices V and V ′ are generically represented as follows
V =
 a1 a2 a3a4 a5 a6
a7 a8 a9
 , V ′ =
 b1 b2 b3b4 b5 b6
b7 b8 b9
 . (3.10)
The equivalence of VCKM and V
′
CKM entails
a1 = b1 , (3.11)
which can be taken to be positive real numbers. In the same fashion as in the lepton sector, we
can rewrite the matrices VCKM and V
′
CKM into
VCKM = Q˜uU23(θ˜u, δ˜u)V˜ S23(θ˜d)Q˜d ,
V ′CKM = Q˜
′
uU23(θ˜
′
u, δ˜
′
u)V˜
′S23(θ˜′d)Q˜
′
d , (3.12)
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where
Q˜u = Qudiag(1, e
i(δ1+δ2), ei(δ2−δ1)), U23(θ˜u, δ˜u) = diag(1, e−iδ1 , eiδ1)U23(θu, δu)U
†
23(θ
c
u, δ
c
u) ,
V˜ = diag(1, e−iδ2 , e−iδ2)U23(θcu, δ
c
u)V S23(θ
c
d)diag(1, e
iδ3 , eiδ3)
S23(θ˜d) = S
T
23(θ
c
d)S23(θd) = S23(θd − θcd), Q˜d = diag(1, e−iδ3 , e−iδ3)Qd , (3.13)
with
cos θu = |eiδ˜u cos θcu cos θ˜u − e−iδ˜u sin θcu sin θ˜u|,
sin θu = |eiδ˜u sin θcu cos θ˜u + e−iδ˜u cos θcu sin θ˜u|,
ϕ1 = arg[e
iδcu(eiδ˜u cos θcu cos θ˜u − e−iδ˜u sin θcu sin θ˜u)],
ϕ2 = arg[e
−iδcu(eiδ˜u sin θcu cos θ˜u + e
−iδ˜u cos θcu sin θ˜u)],
δu =
ϕ1 − ϕ2
2
,
δ1 = −ϕ1 + ϕ2
2
,
θd = θ
c
d + θ˜d . (3.14)
Similar expressions for Q˜′u, U23(θ˜′u, δ˜′u), V˜ ′, S23(θ˜′d) and Q˜
′
d can be found by replacing all the
parameters with the primed ones in Eqs. (3.13, 3.14). We can choose the following values for δ2,
θcu, δ
c
u, θ
c
d and δ3,
δcu =
arg(a7)− arg(a4)
2
, δ2 =
arg(a4) + arg(a7)
2
,
sin θcu =
|a7| − |a4|√
2(|a4|2 + |a7|2)
, cos θcu =
|a4|+ |a7|√
2(|a4|2 + |a7|2)
,
cot 2θcd =
2<(a2a∗3)
|a2|2 − |a3|2 , δ3 = −arg (a2 cos θ
c
d − a3 sin θcd) , (3.15)
then V˜ is transformed into the “standard form”
V˜ =

a1
√
1
2(1− a21)
√
1
2(1− a21) eiρ3√
1
2(1− a21) â5 â6eiρ3√
1
2(1− a21) â6 â5eiρ3
 , (3.16)
where
ρ3 = δ3 + arg (a3 cos θ
c
d + a2 sin θ
c
d) . (3.17)
Analogously we can also transform V˜ ′ into the following “standard form”
V˜ ′ =

b1
√
1
2(1− b21)
√
1
2(1− b21) eiρ
′
3√
1
2(1− b21) b̂5 b̂6eiρ
′
3√
1
2(1− a21) b̂6 b̂5eiρ
′
3
 . (3.18)
The unitarity of the matrices V˜ and V˜ ′ requires
a1 + â5 + â6 = 0, 2|â5|2 + 2|â6|2 − a21 = 1 ,
b1 + b̂5 + b̂6 = 0, 2|̂b5|2 + 2|̂b6|2 − b21 = 1 . (3.19)
The equivalence of the two mixing patterns implies that the identity V˜CKM = V˜
′
CKM can be fulfilled,
that is to say, the corresponding solutions θ˜′u, δ˜′u, θ˜′d as well as Q˜
′
u, P
′
u, Q˜
′
d, P
′
d can be found for any
given values of θ˜u, δ˜u, θ˜d and the matrices Q˜u, Pu, Q˜d, Pd, i.e.
Q˜uU23(θ˜u, δ˜u)V˜ S23(θ˜d)Q˜d = Q˜
′
uU23(θ˜
′
u, δ˜
′
u)V˜
′S23(θ˜′d)Q˜
′
d , (3.20)
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which leads to
U †23(θ˜
′
u, δ˜
′
u)Q˜UU23(θ˜u, δ˜u)V˜ S23(θ˜d)Q˜DS
T
23(θ˜
′
d) = V˜
′ (3.21)
where Q˜U ≡ Q˜′†u Q˜u and Q˜D ≡ Q˜dQ˜′†d are diagonal phase matrices. We denote the general form of
matrices Q˜U and Q˜D as
Q˜U =
 eiφ1 0 00 eiφ2 0
0 0 eiφ3
 , Q˜D =
 eiϕ1 0 00 eiϕ2 0
0 0 eiϕ3
 , (3.22)
where φ1,2,3 and ϕ1,2,3 are free. As shown in Eq. (2.40), we can write the matrix U
†
23(θ˜
′
u, δ˜
′
u)Q˜UU23(θ˜u, δ˜u)
into
U †23(θ˜
′
u, δ˜
′
u)Q˜UU23(θ˜u, δ˜u) = diag(e
iφ̂1 , eiφ̂2 , eiφ̂3)U23(θ̂u, δ̂u) (3.23)
with
φ̂1 = φ1 ,
φ̂2 = (φ2 + φ3 + ψ1 + ψ2 − 2δ˜′u)/2 ,
φ̂3 = (φ2 + φ3 − ψ1 − ψ2 + 2δ˜′u)/2 ,
cos θ̂u = |ei(φ2−φ3)/2 cos θ˜′u cos θ˜u + e−i(φ2−φ3)/2 sin θ˜′u sin θ˜u|,
sin θ̂u = |ei(φ2−φ3)/2 cos θ˜′u sin θ˜u − e−i(φ2−φ3)/2 sin θ˜′u cos θ˜u|,
ψ1 = arg[e
iδ˜u(ei(φ2−φ3)/2 cos θ˜′u cos θ˜u + e
−i(φ2−φ3)/2 sin θ˜′u sin θ˜u)] ,
ψ2 = arg[e
−iδ˜u(ei(φ2−φ3)/2 cos θ˜′u sin θ˜u − e−i(φ2−φ3)/2 sin θ˜′u cos θ˜u)] ,
δ̂u = (ψ1 − ψ2)/2 . (3.24)
Furthermore, we find that Eq. (3.21) admits solution for any value of θ˜d or θ˜
′
d if and only if the
following condition is fulfilled
eiϕ3 = ηeiϕ2 , with η = ±1 . (3.25)
Thus the combination S23(θ˜d)Q˜DS
T
23(θ˜
′
d) can be rewritten as
S23(θ˜d)Q˜DS
T
23(θ˜
′
d) = diag(e
iϕ1 , eiϕ2 , ηeiϕ2)S23(θ̂d) , (3.26)
where θ̂d = ηθ˜d − θ˜′d. As a consequence, we can simplify the equivalence condition of Eq. (3.21)
into a simple form,
diag(eiφ̂1 , eiφ̂2 , eiφ̂3)U23(θ̂u, δ̂u)V˜ diag(e
iϕ1 , eiϕ2 , ηeiϕ2)S23(θ̂d) = V˜
′ . (3.27)
Concerning the (12), (13), (21) and (31) entries of the matrices on both sides, we find that Eq. (3.27)
leads to
ei(ϕ2−ϕ1)(cos θ̂d − eiρ3η sin θ̂d) = 1, ei(ϕ2−ϕ1−ρ′3)(eiρ3η cos θ̂d + sin θ̂d) = 1 , (3.28)
ei(ϕ1+φ̂2)(eiδ̂u cos θ̂u + e
−iδ̂u sin θ̂u) = 1, ei(ϕ1+φ̂3)(e−iδ̂u cos θ̂u − eiδ̂u sin θ̂u) = 1 , (3.29)
which requires
cos ρ3 sin 2θ̂d = 0 , cos 2δ̂u sin 2θ̂u = 0 . (3.30)
Hence we obtain the constraints
cos ρ3 = 0, or θ̂d = 0, pi/2 , (3.31)
cos 2δ̂u = 0, or θ̂u = 0, pi/2 . (3.32)
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Consequently from Eq. (3.29) we can determine the values of φ̂2 and φ̂3 as
eiφ̂2 = e−i(δ̂u+ϕ1), eiφ̂3 = ei(δ̂u−ϕ1), for θ̂u = 0 ,
eiφ̂2 = ei(δ̂u−ϕ1), eiφ̂3 = −e−i(δ̂u+ϕ1), for θ̂u = pi/2 ,
eiφ̂2 = ei(κ2θ̂u−δ̂u−ϕ1), eiφ̂3 = ei(κ2θ̂u+δ̂u−ϕ1), for cos 2δ̂u = 0 , (3.33)
where κ2 = −ie2iδ̂u is either +1 or −1. In the following, we shall discuss the constraints arising
form the (22), (23), (32) and (33) entries in Eq. (3.27) for all possible cases.
• θ̂d = 0
Plugging this value of θ̂d into Eq. (3.28), we have
eiϕ2 = eiϕ1 , ηei(ρ
′
3−ρ3) = 1 . (3.34)
Then the equivalence of these two mixing patterns requires
â5 = b̂5, â6 = b̂6, for θ̂u = 0 ,
â5 = b̂6, â6 = b̂5, for θ̂u = pi/2 ,
tan θ̂u = iκ2
b̂5 − â5
â6 − b̂5
, for cos 2δ̂u = 0 . (3.35)
We notice that the unitarity of V˜ and V˜ ′ implies the combination i(̂b5 − â5)/(â6 − b̂5) is
real. Hence VCKM and V
′
CKM would be essentially the same mixing pattern of the condition
ηei(ρ
′
3−ρ3) = 1 is fulfilled.
• θ̂d = pi/2
For this value of θ̂d, Eq. (3.28) leads to
eiϕ2 = ei(ϕ1+ρ
′
3), − ηei(ρ′3+ρ3) = 1 . (3.36)
Solving the equivalence condition of Eq. (3.27), we find
â5 = b̂6, â6 = b̂5, for θ̂u = 0 ,
â5 = b̂5, â6 = b̂6, for θ̂u = pi/2 ,
tan θ̂u = iκ2
â6 − b̂5
b̂5 − â5
, for cos 2δ̂u = 0 . (3.37)
• cos ρ3 = 0
In this case, from Eq. (3.28) we obtain
eiϕ2 = ei(ϕ1+ηκ1θ̂d), eiρ
′
3 = iηκ1, with e
iρ3 = iκ1 . (3.38)
where κ1 = ±1. In the same fashion as previous case, we find the equivalence condition of
Eq. (3.27) requires
tan θ̂d = iηκ1
b̂5 − â5
â6 − b̂5
, for θ̂u = 0 ,
tan θ̂d = iηκ1
â6 − b̂5
b̂5 − â5
, for θ̂u = pi/2 ,
tan(ηκ1θ̂d + κ2θ̂u) = i
b̂5 − â5
â6 − b̂5
, for cos 2δ̂u = 0 .
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We summarize that the two CKM mixing matrices for V˜ and V˜ ′ in Eq. (3.12) would give the same
mixing pattern, if the following conditions are satisfied,
ηei(ρ
′
3−ρ3) = 1, or − ηei(ρ′3+ρ3) = 1, or eiρ3 = iκ1, eiρ′3 = iηκ1 , (3.39)
where η, κ1 = ±1. The above conditions for the equivalence of the two mixing patterns in this
scenario can be compactly written as
e2i(ρ
′
3−ρ3) = 1, or e2i(ρ
′
3+ρ3) = 1 . (3.40)
For the scenario of residual symmetry Gu = Z
gu
2 ×Xu and Gd = Zgd2 in the quark sector, the quark
mixing matrix is given by Eq. (3.7). The equivalence condition can be derived in the same manner.
In fact, we can easily determine whether two distinct residual symmetries generate the same quark
mixing pattern by taking the hermitian conjugate conjugate of the mixing matrix and applying the
criterion of Eq. (3.40).
3.2 Examples of quark mixing patterns from ∆(6n2) and CP symmetries
It is well-known that the CKM matrix has been quite precisely measured by the B factories.
The global fit results for the magnitudes of all nine CKM elements are [1],
|VCKM | =
 0.97434+0.00011−0.00012 0.22506± 0.00050 0.00357± 0.000150.22492± 0.00050 0.97351± 0.00013 0.0411± 0.0013
0.00875+0.00032−0.00033 0.0403± 0.0013 0.99915± 0.00005
 . (3.41)
The full fit values of quark mixing angles and Jarlskog invariant, given by the UTfit collabora-
tion [87–89], read as
sin θq12 = 0.22497± 0.00069, sin θq23 = 0.04229± 0.00057 ,
sin θq13 = 0.00368± 0.00010, JqCP = (3.115± 0.093)× 10−5 . (3.42)
In this section, we shall investigate the possible quark mixing patterns which arise form the breaking
of ∆(6n2) and CP into Zgu2 and Z
gd
2 × Xd in the up quark and down quark sectors respectively.
We find that agreement with the experimental data can be achieved if the residual symmetries are
gu = bc
xdx, gd = bc
ydy and Xd = {cρd−2y−ρ, bcy+ρd−y−ρ} where x, y, ρ = 0, 1, . . . , n− 1. Using the
master formula of Eq. (3.4), the CKM matrix is determined to be
VCKM =
 cosϕ1 sd sinϕ1 −cd sinϕ1su sinϕ1 cucdeiδ − susd cosϕ1 cusdeiδ + cdsu cosϕ1
cu sinϕ1 − cdsueiδ − cusd cosϕ1 −susdeiδ + cucd cosϕ1
 , (3.43)
up to permutations of rows and columns, where the parameters cu, cd, su, sd and δ are defined as
cu = cos θu, cd = cos θd, su = sin θu, sd = sin θd, δ = 2δu − ϕ2 . (3.44)
The discrete parameters ϕ1 and ϕ2 are given by
ϕ1 =
x− y
n
pi, ϕ2 =
x+ 3(y + ρ)
n
pi . (3.45)
We see that the CKM mixing matrix in Eq. (3.43) depends not only on three continuous parameters
θu, θd and δ but also on the discrete parameter ϕ1 whose value is determined by the choice of the
residual symmetry. The value of another discrete parameter ϕ2 is irrelevant since it can be absorbed
into the continuous free parameter δu. Moreover, the parameters ϕ1 can take the following discrete
values
ϕ1 (mod 2pi) = 0,
1
n
pi,
2
n
pi, ...,
2n− 1
n
pi . (3.46)
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The matrix VCKM has the following symmetry properties,
VCKM (ϕ1, pi + θu, θd, δ) = diag(1,−1,−1)VCKM (ϕ1, θu, θd, δ)
VCKM (ϕ1, pi − θu, θd, δ) = diag(1, 1,−1)VCKM (ϕ1, θu, θd, δ − pi) ,
VCKM (ϕ1, θu, pi + θd, δ) = VCKM (ϕ1, θu, θd, δ)diag(1,−1,−1)
VCKM (pi + ϕ1, θu, θd, δ) = VCKM (ϕ1, θu, pi − θd, δ)diag(−1,−1, 1)
VCKM (pi − ϕ1, θu, θd, δ) = diag(−1, 1, 1)VCKM (ϕ1, θu, pi − θd, δ)diag(1,−1, 1)
VCKM (ϕ1, θu, θd, pi + δ) = VCKM (ϕ1, θu, pi − θd, δ)diag(1, 1,−1)
VCKM (ϕ1, θu, θd, pi − δ) = V ∗CKM (ϕ1, θu, pi − θd, δ)diag(1, 1,−1) , (3.47)
where the above diagonal matrices can be absorbed by the quark fields. Consequently the parameter
ϕ1 can be limited in the range of 0 ≤ ϕ1 ≤ pi/2, and the free parameters θu, θd and δ take values
in the range of 0 ≤ θu ≤ pi/2, 0 ≤ θd < pi and 0 ≤ δ < pi respectively. Furthermore, we see that
the residual symmetry fixes one element of the CKM mixing matrix is cosϕ1, and the 36 possible
permutations of rows and columns give rise to nine independent mixing patterns
VCKM,1 = VCKM , VCKM,2 = VCKMP12, VCKM,3 = VCKMP13 ,
VCKM,4 = P12VCKM , VCKM,5 = P12VCKMP12, VCKM,6 = P12VCKMP13 ,
VCKM,7 = P23P12VCKM , VCKM,8 = P23P12VCKMP12, VCKM,9 = P23P12VCKMP13 .
(3.48)
For another scheme where the ∆(6n2) and CP symmetries are broken down to Zgu2 ×Xu in the
up quark sector and Zgd2 in the down quark sector, the experimental data on quark mixing can be
accommodated if gu = bc
xdx, Xu = {cρd−2x−ρ, bcx+ρd−x−ρ} and gd = bcydy. From Eq. (3.7) we
can obtain the corresponding form of the CKM mixing matrix
V ′CKM =
 cosϕ′1 c′d sinϕ′1 −s′d sinϕ′1c′u sinϕ′1 s′us′deiδ′ − c′uc′d cosϕ′1 s′uc′deiδ′ + sdcu cosϕ′1
s′u sinϕ′1 − sdcueiδ
′ − s′uc′d cosϕ′1 −c′uc′deiδ
′
+ s′us′d cosϕ
′
1
 , (3.49)
where the permutation matrices and phases matrices are neglected for simplicity. We see that
V ′CKM depends on three free continuous parameters θ
′
u, θ
′
d, δ
′ and one discrete parameter ϕ′1 with
c′u = cos θ
′
u, c
′
d = cos θ
′
d, s
′
u = sin θ
′
u, s
′
d = sin θ
′
d, δ
′ = ϕ′2 − 2δ′d , (3.50)
and
ϕ′1 =
x− y
n
pi, ϕ′2 =
y + 3(x+ ρ)
n
pi . (3.51)
Moreover we find that the two CKM matrices in Eq. (3.43) and Eq. (3.49) are related as follows
V ′CKM (ϕ
′
1, θ
′
u, θ
′
d, δ
′) = VCKM (ϕ′1, pi/2− θ′u, pi/2− θ′d, δ′) . (3.52)
Consequently VCKM and V
′
CKM lead to the same mixing pattern and it is sufficient to only consider
the first scheme where the quark mixing matrix is determined to be VCKM .
We scan all possible values of discrete parameters ϕ1 for each value of group index n with
n ≤ 40. The continuous parameters θu, δu and θd freely vary between 0 and pi. The cases that
can give a good fit to the experimental data are summarized in table 2, where we list the values of
n, ϕ1 and the resulting predictions for sin θ
q
ij and JCP at certain benchmark values of θu, δu, θd.
For the ∆(6n2) groups with n ≤ 40, we find six permutations VCKM,1, VCKM,2, VCKM,4, VCKM,5,
VCKM,6, and VCKM,8 can describe the experimental data of CKM matrix shown in Eq. (3.42). The
6 possible matrices are VCKM,1, VCKM,2, VCKM,4, VCKM,5, VCKM,6, and VCKM,8. Furthermore, for
the mixing patterns VCKM,2 and VCKM,4, the smallest value of index n which can accommodate
the experimental data is n = 7.
For the matrix VCKM,2, the fixed element cosϕ1 is (12) entry of CKM matrix and the expressions
of mixing parameters can be extracted as follows
sin2 θq13 = sin
2 ϕ1 cos
2 θd ,
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sin2 θq12 =
cos2 ϕ1
1− sin2 ϕ1 cos2 θd
,
sin2 θq23 =
2 cos2 θu sin
2 θd + 2 sin
2 θu cos
2 θd cos
2 ϕ1 − cosϕ1 cos δ sin 2θu sin 2θd
2− 2 sin2 ϕ1 cos2 θd
,
JCP =
1
8
sinϕ1 sin 2ϕ1 sin δ sin 2θu sin 2θd . (3.53)
For the parameter values
ϕ1 = 3pi/7, θu = 0.51357pi, θd = 0.49880pi, δ = 0.36887pi , (3.54)
we obtain
sin θq13 = 0.00368, sin θ
q
12 = 0.22252 ,
sin θq23 = 0.04229, J
q
CP = 3.115× 10−5 . (3.55)
It is remarkable that the predicted values sin θq13, sin θ
q
23 and J
q
CP coincide with the best fitting
values given by the UTfit collaboration [87–89]. The mixing angle sin θq12 is about 1% larger
than its measured value and this small discrepancy can be easily resolved in a model with small
corrections.
For the mixing matrix VCKM,4, its (21) element is cosϕ1. The quark flavor mixing angles and
CP invariant are determined to be of the following form
sin2 θq13 = cos
2 θd sin
2 θu cos
2 ϕ1 + cos
2 θu sin
2 θd − 1
2
sin 2θu sin 2θd cosϕ1 cos δ ,
sin2 θq12 = 1−
sin2 θu sin
2 ϕ1
1− cos2 θd sin2 θu cos2 ϕ1 − cos2 θu sin2 θd + 12 sin 2θu sin 2θd cosϕ1 cos δ
,
sin2 θq23 =
cos2 θd sin
2 ϕ1
1− cos2 θd sin2 θu cos2 ϕ1 − cos2 θu sin2 θd + 12 sin 2θu sin 2θd cosϕ1 cos δ
,
JqCP =
1
8
sinϕ1 sin 2ϕ1 sin δ sin 2θu sin 2θd . (3.56)
The quark mixing angles and CP violation phase can be in accordance with experimental data for
ϕ1 = 3pi/7, e.g.,
θu = 0.50370pi, θd = 0.48619pi, δ = 0.09426pi ,
sin θq13 = 0.00368, sin θ
q
12 = 0.22278 ,
sin θq23 = 0.04232, J
q
CP = 3.111× 10−5 . (3.57)
We notice that sin θq13, sin θ
q
23 and J
q
CP are in the experimentally preferred ranges while sin θ
q
12 is a
bit larger than the best fit value given in Eq. (3.42). Since the leading order predictions generically
receive subleading corrections in a concrete model such that we expect the current data can be
reproduced.
In this work, we are eager to know whether it is possible to describe quark and lepton flavor
mixing structures from a common flavor group ∆(6n2) and CP symmetry. In section 2.2 we have
studied the lepton mixing patterns which can be obtained from the breaking of flavor group ∆(6n2)
and CP into residual symmetries Zgl2 and Z
gν
2 × Xν in charged lepton sector and neutrino sector
respectively. We have focused on the smaller ∆(6n2) group with n = 3, 4 in section 2.2. However,
the index has to be at least n = 7 in order to explain the experimental data on quark mixing.
We now assume that the flavor group ∆(6 · 72) and CP symmetries are broken down to Zgl2 in
charged lepton sector and Zgν2 × Xν in neutrino sector. After considering all possible residual
symmetries, we find that only case I and case II can lead to possible mixing patterns in agreement
with experimental data. The numerical predictions for lepton mixing angles and CP phases are
summarized in in table 3.
25
n ϕ1 θu/pi θd/pi δ/pi sin θ
q
13 sin θ
q
12 sin θ
q
23 J
q
CP /10
−5
VCKM,1 14, 28 pi/14 0.48756 0.49474 0.49910 0.00368 0.22249 0.04229 3.115
VCKM,2 7, 14, 21, 28, 35 3pi/7 0.51357 0.49880 0.36887 0.00368 0.22252 0.04229 3.115
VCKM,4 7, 14, 21, 28, 35 3pi/7 0.50370 0.48619 0.09426 0.00368 0.22278 0.04232 3.111
VCKM,5 27 2pi/27 0.55799 0.55903 0.99407 0.00368 0.22680 0.04252 3.112
VCKM,6
35 17pi/35 0.00117 0.42775 0.33034 0.00368 0.22497 0.04487 3.115
37 18pi/37 0.00117 0.42775 0.36426 0.00368 0.22497 0.04244 3.115
39 19pi/39 0.00117 0.42776 0.40925 0.00368 0.22497 0.04027 3.115
VCKM,8
37 18pi/37 0.92771 0.00276 0.12567 0.00369 0.22497 0.043162 3.104
39 19pi/39 0.92771 0.00359 0.10108 0.00369 0.22499 0.04165 3.104
Table 2: Numerical results of the quark mixing parameters for the residual symmetries Gu = Z
gu
2 and Gd = Z
gd
2 ×Xd
with gu = bc
xdx, gd = bc
ydy and Xd = {cρd−2y−ρ, bcy+ρd−y−ρ}, where we focus on the ∆(6n2) group with n ≤ 40.
We display quark mixing angles sin θqij and CP invariant J
q
CP which are in accordance with the experimental data
for certain values of θu, δu, θd and ϕ1.
As an example, for the mixing pattern UI,5 with ϕ1 = 2pi/7, the mixing angles θ13 and θ12
can approximately take any value within their allowed 3σ ranges while θ23 lies in the range θ23 ∈
[40.280◦, 48.768◦]. The Dirac CP violation phase δCP can vary from 0.299pi to 1.701pi. However,
the Majorana phases α21 and α31 are determined to be around 0 and pi, i.e., α21 ∈ [0, 0.219pi] ∪
[0.781pi, pi], α31 ∈ [0, 0.165pi]∪ [0.835pi, pi]. The correlations between different mixing parameters of
this case are displayed in figure 4. We can see that the atmospheric mixing angle θ23 and δCP are
strongly correlated and there are peculiar correlations between three CP violation phases.
ϕ1 θ13/
◦ θ12/◦ θ23/◦ δCP /pi α21/pi(mod 1) α31/pi(mod 1)
UI,5 2pi/7 8.091− 8.979 31.435− 36.031 40.280− 48.768 0.299− 1.701 0− 0.219 0− 0.165⊕0.781− 1 ⊕0.835− 1
UI,6 2pi/7 8.095− 8.979 31.435− 36.031 50.860− 50.967 0− 2 0− 0.181 0− 0.133⊕0.819− 1 ⊕0.867− 1
ϕ4 θ13/
◦ θ12/◦ θ23/◦ δCP /pi α21/pi(mod 1) α31/pi(mod 1)
UII,1
0 8.091− 8.979 33.010− 36.031 40.280− 45.828 0− 0.304 0− 0.138 0− 0.085⊕1.696− 2 ⊕0.862− 1 ⊕0.915− 1
pi
7
8.091− 8.979 32.993− 36.031 40.280− 45.844 0− 0.304
0− 0.183 0− 0.158
⊕1.696− 2 ⊕0.204− 0.480 ⊕0.229− 0.400⊕0.907− 1 ⊕0.987− 1
2pi
7
8.091− 8.979 33.000− 36.031 40.280− 45.848 0− 0.303
0− 0.252
0.093− 0.286
⊕1.697− 2 ⊕0.570− 0.878 ⊕0.537− 0.730⊕0.945− 1
3pi
7
8.091− 8.979 33.995− 36.031 40.280− 45.862 0− 0.304 0− 0.505
0− 0.131
⊕1.697− 2 ⊕0.971− 1 ⊕0.345− 0.636⊕0.841− 1
UII,2
0 8.091− 8.979 31.435− 36.031 45.641− 51.531 0− 0.463 0− 0.252 0− 0.162⊕1.537− 2 ⊕0.748− 1 ⊕0.838− 1
pi
7
8.091− 8.979 31.435− 36.031 45.642− 51.531 0− 0.464 0− 0.783 0.178− 0.822⊕1.536− 2 ⊕0.830− 1
2pi
7
8.091− 8.979 31.435− 36.031 45.633− 51.531 0− 0.464 0− 0.509 0.099− 0.488⊕1.536− 2 ⊕0.667− 1 ⊕0.512− 0.901
3pi
7
8.091− 8.979 34.125− 36.031 45.621− 47.050 0− 0.212 0− 0.561 0− 0.166⊕1.788− 2 ⊕0.963− 1 ⊕0.834− 1
Table 3: The ranges of the mixing parameters for the viable cases of UI and UII with the group index n = 7, where
the constraints imposed are the experimental values at 3σ for the mixing angles [2].
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Figure 4: Correlations between different mixing parameters for the mixing pattern UI,5 with ϕ1 = 2pi/7, where the
residual symmetry is {Gl, Gν , Xν} = {Zbcxdx2 , Zbc
ydy
2 , (c
δd−2y−δ, bcy+δd−y−δ)}, the three lepton mixing angles are
required to be compatible with the experimental data at 3σ level [2].
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4 Lepton flavor mixing from single residual CP transformation in
the neutrino sector
We have discussed both lepton and quark mixing patterns which arise from the residual sym-
metries Z2 and Z2 × CP in previous sections. The resulting mixing matrices depend on three free
real parameters. In Ref. [55], we have explored another proposal in which the charged lepton and
neutrino mass matrices are invariant under the action of a residual abelian subgroup Gl and a
single CP transformation Xν respectively. The lepton mixing matrix would depend on three free
real parameters as well. The general form of the PMNS matrix in this scheme has been given in [55]
as follow
UPMNS = PlU
†
l ΣνO3Qν , (4.1)
where Pl is a three dimensional permutation matrix and Qν is a diagonal matrix with entries ±1
and ±i. The unitary transformation Ul diagonalizes the representation matrix of the generator of
Gl,
U †l ρ3(gl)Ul = ρ
diag
3 (gl) , (4.2)
where ρdiag3 (gl) is a diagonal phase matrix. Σν is the Takagi factorization matrix of Xν and it
satisfies
Xν = ΣνΣ
T
ν . (4.3)
Moreover, O3 in Eq. (4.1) is a generic 3× 3 real orthogonal matrix, and we shall parameterize O3
as
O3 =
 1 0 00 cos θ1 sin θ1
0 − sin θ1 cos θ1
 cos θ2 0 sin θ20 1 0
− sin θ2 0 cos θ2
 cos θ3 sin θ3 0− sin θ3 cos θ3 0
0 0 1
 , (4.4)
where the variation range of the free parameters θ1,2,3 can be taken to be [0, pi). Let us consider
two distinct residual symmetries (Gl, Xν) and (G
′
l, X
′
ν), the lepton mixing matrices read
UPMNS = PlU
†
l ΣνO3Qν , U
′
PMNS = P
′
lU
′†
l Σ
′
νO
′
3Q
′
ν . (4.5)
The necessary and sufficient condition that UPMNS and U
′
PMNS describe the same lepton mixing
pattern is [55]
UUT = QLPLU
′U ′TP TLQL , (4.6)
where U ≡ U †l Σν , U ′ ≡ U ′†l Σ′ν , PL is a permutation matrix and QL is an arbitrary phase matrix.
The possible mixing patterns which arise from the breaking of ∆(6n2) flavor group and CP
symmetry into a single remnant CP transformation in neutrino sector and an abelian subgroup in
the charged lepton sector have been studied [54], the analytical expressions of the mixing matrix
and the mixing parameters have been presented in [54]. In order to study the mixing patterns
comprehensively for all admitted Gl and Xν , it is sufficient to only consider six types of residual
symmetries [54]. In the following, we shall briefly review the possible lepton mixing matrices which
can be obtained from ∆(6n2) and CP in this approach.
(I) Gl = 〈csdt〉 , Xν = cxdy
In this case the lepton mixing matrix is of the form [54]
U ′I = O3Qν , (4.7)
where the row permutation Pl can be absorbed into the orthogonal matrix O3. Obviously
the Dirac CP phase is trivial for this mixing pattern, and consequently it is disfavored by the
latest experimental evidence for maximal δCP ∼ 3pi/2 [6, 7].
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(II) Gl = 〈csdt〉 , Xν = bcxd−x
The lepton mixing matrix is determined to be
U ′II =
1√
2
 0 −i 1√2 0 0
0 i 1
O3Qν , (4.8)
up to possible row permutations. The matrix UIII satisfies
P13U
′
II(θ1, θ2, θ3) = U
′
II(−θ1, θ2,−θ3)diag(1,−1, 1) . (4.9)
Hence all possible permutations lead to three independent mixing matrices,
U ′II,1 = U
′
II , U
′
II,2 = P12U
′
II , U
′
II,3 = P23U
′
II . (4.10)
We find that U ′II,1 and U
′
II,3 predict tan θ13 = cos θ23 and tan θ13 = sin θ23 respectively such
that the experimental data [2] of the mixing angles θ13 and θ23 can not be accommodated
simultaneously. For the mixing matrix U ′II,2, the lepton mixing parameters are given by
sin2 θ13 = sin
2 θ2, sin
2 θ12 = sin
2 θ3, sin
2 θ23 =
1
2
,
JCP =
1
8
cos θ2 sin 2θ2 sin 2θ3, | sin δ| = 1 . (4.11)
Notice that both θ23 and δCP are maximal.
(III) Gl = 〈bcsdt〉 , Xν = abcxd2x
For this case, the PMNS mixing matrix is given by
U ′III =
1
2
−
√
2 −i 1√
2 −i 1
0 i
√
2
√
2
O3Qν , (4.12)
which fulfills the equality
P12U
′
III(θ1, θ2, θ3) = U
′
III(θ1,−θ2,−θ3)diag(−1, 1, 1) . (4.13)
As a result, the six possible row permutations lead to three independent mixing patterns which
can be chosen as
U ′III,1 = U
′
III , U
′
III,2 = P23U
′
III , U
′
III,3 = P13U
′
III . (4.14)
(IV) Gl = 〈bcsdt〉 , Xν = cxdy
Up to possible permutation of rows, the lepton mixing matrix is determined to be
U ′IV =
1√
2
 1 0 −eiρ11 0 eiρ1
0
√
2 0
O3Qν . (4.15)
where ρ1 = (x+ y + s+ t)pi/n and it can take the following discrete values
ρ1 (mod 2pi) = 0,
1
n
pi,
2
n
pi, · · · , 2n− 1
n
pi . (4.16)
The mixing matrix U ′IV has the following properties
P12U
′
IV (ρ1, θ1, θ2, θ3) = U
′
IV (ρ1 + pi, θ1, θ2, θ3) ,
U ′IV (ρ1 + pi, θ1, θ2, θ3) = U
′
IV (ρ1,−θ1,−θ2, θ3)diag(1, 1,−1) ,
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U ′IV (pi − ρ1, θ1, θ2, θ3) = diag(−e−iρ1 , e−iρ1 , 1)U ′IV (ρ1, θ′1, θ′2, θ′3)diag(1, 1,−1) , (4.17)
where the parameters θ′1,2,3 fulfill O3(θ′1, θ′2, θ′3) = P13O3(−θ1,−θ2, θ3). As a consequence, the
parameter ρ1 can be limited in the range of 0 ≤ ρ1 ≤ pi2 and we only need to consider the
following three row permutations of U ′IV ,
U ′IV,1 = U
′
IV , U
′
IV,2 = P23U
′
IV , U
′
IV,3 = P13U
′
IV . (4.18)
(V) Gl = 〈acsdt〉 , Xν = bcxd−x
In this case, the lepton mixing matrix take the following form
U ′V =
√
2
3

eiρ2√
2
0 1
− eiρ2√
2
cos pi6 sin
pi
6
eiρ2√
2
cos pi6 − sin pi6
O3Qν , (4.19)
with ρ2 = −(3x+s−2t)pi/n. All of the six possible row permutations lead to the same mixing
pattern because U ′V has the following symmetry properties,
P23U
′
V (ρ2, θ1, θ2, θ3) = diag(1,−1,−1)U ′V (ρ2,−θ1, θ2,−θ3)diag(1,−1, 1) ,
P12P23U
′
V (ρ2, θ1, θ2, θ3) = diag(1,−1,−1)U ′V (ρ2, θ1 −
2pi
3
, θ2, θ3) ,
P13P23U
′
V I(ρ2, θ1, θ2, θ3) = diag(−1,−1, 1)U ′V (ρ2, θ1 +
2pi
3
, θ2, θ3) . (4.20)
In addition, we find that U ′V satisfies
U ′V (ρ2 + pi, θ1, θ2, θ3) = U
′
V (ρ2, θ1,−θ2,−θ3)diag(−1, 1, 1) , (4.21)
U ′V (pi − ρ2, θ1, θ2, θ3) = U ′∗V (ρ2, θ1,−θ2,−θ3)diag(−1, 1, 1) . (4.22)
As a result, the fundamental region of ρ2 can be chosen to be [0, pi).
(VI) Gl = 〈acsdt〉 , Xν = cxdy
Up to possible permutation of rows, the lepton PMNS mixing matrix reads
U ′V I =
1√
3
 1 eiρ3 eiρ41 ω2eiρ3 ωeiρ4
1 ωeiρ3 ω2eiρ4
O3Qν , (4.23)
with
ρ3 =
2(y + t)− x
n
pi, ρ4 =
x+ y + 2s
n
pi . (4.24)
The parameters ρ3 and ρ4 can take the following discrete values
ρ3, ρ4 (mod 2pi) = 0,
1
n
pi,
2
n
pi, · · · , n− 1
n
pi . (4.25)
The mixing matrix U ′V I has the following properties
U ′V I(ρ3 + pi, ρ4, θ1, θ2, θ3) = U
′
V I(ρ3, ρ4,−θ1, θ2,−θ3)diag(1,−1, 1) ,
U ′V I(ρ3, ρ4 + pi, θ1, θ2, θ3) = U
′
V I(ρ3, ρ4,−pi − θ1, θ2,−θ3)diag(1,−1, 1) ,
P23U
′
V I(ρ3, ρ4, θ1, θ2, θ3) = U
′
V I(ρ4, ρ3, pi/2− θ1, θ2,−θ3)diag(1,−1, 1) ,
U ′∗V I(ρ3, ρ4, θ1, θ2, θ3) = P23U
′
V I(pi − ρ3, pi − ρ4, θ1 + pi, θ2, θ3) . (4.26)
Consequently the parameters ρ3 and ρ4 can be limited in the range 0 ≤ ρ3, ρ4 < pi without
loss of generality, and three out of the six possible row permutations are independent if all
possible values of ρ3 and ρ4 are considered,
U ′V I,1 = U
′
V I , U
′
V I,2 = P12U
′
V I , U
′
V I,3 = P23P12U
′
V I . (4.27)
As regards the predictions for the mixing parameters for each cases, we refer the reader to [54].
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In the following, we shall focus on the ∆(6 · 72) = ∆(294) flavor group. We shall perform a
numerical analysis for all above cases of PMNS mixing matrices by treating the free parameters
θ1,2,3 as random numbers in the range of [0, pi] and all possible values of the discrete parameters
for n = 7 will be considered. The reason why we take n = 7 is that the value of index n of ∆(6n2)
has to be at least n = 7 in order to simultaneously describe both quark and lepton flavor mixings
if a single CP is preserved. The analysis of quark flavor mixing with single residual CP is given
in section 5. The predictions for the three mixing angles θ13, θ12 and θ23 as well as CP violating
phases δCP , α21 and α31 are studied. In table 4 and table 5, we summarize the allowed ranges of
the mixing parameters for all the phenomenological viable cases which can be obtained from the
∆(294) group. In particular, we notice that for U ′IV,1 with ρ1 = pi/7 the Dirac CP phase δCP is
predicted to be around pi/2 and 3pi/2 which are favored by the present experimental data [6, 7].
The explicit form of this mixing matrix has been given in Eq. (4.15), then we can straightforwardly
extract the mixing parameters and find
sin2 θ13 =
1
2
(sin2 θ2 + cos
2 θ1 cos
2 θ2 − cos θ1 sin 2θ2 cos ρ1) , (4.28)
sin2 θ12 = sin
2 θ13 +
sin 2θ3 sin θ1(cos θ2 cos ρ1 + cos θ1 sin θ2) + sin
2 θ1 cos 2θ3
2− sin2 θ2 − cos2 θ1 cos2 θ2 + cos θ1 sin 2θ2 cos ρ1
, (4.29)
sin2 θ23 = 1− 2 sin
2 θ1 cos
2 θ2
2− sin2 θ2 − cos2 θ1 cos2 θ2 + cos θ1 sin 2θ2 cos ρ1
, (4.30)
JCP = −1
4
sin θ1 cos θ2 sin ρ1[sin 2θ1 sin θ2 cos 2θ3 + sin 2θ3(cos
2 θ1 − sin2 θ1 sin2 θ2)] . (4.31)
The correlations among the mixing angles and CP phases are presented in figure 5. From figure 5
and table 4 we see that the approximately full 3σ region of θ12 can be achieved, the reactor mixing
angle θ13 lies in the interval [8.396
◦, 8.979◦], and the atmospheric angle θ23 ∈ [40.281◦, 43.806◦] is
predicted to be in the first octant. For the CP violation phases, the Dirac CP phase δCP is around
0.5pi and 1.5pi which are favored by present experimental data [6, 7]. The Majorana phases are
strongly constrained, and they are determined to be in the ranges α21 (modpi) ∈ [0.216, 0.246] ∪
[0.754, 0.784] and α31 (modpi) ∈ [0.142, 0.188] ∪ [0.812, 0.858].
Furthermore, we can obtain predictions for the neutrinoless double beta decay effective Majo-
rana mass |mee| as a function of the lightest neutrino mass mlightest. We display the attainable
values of |mee| for the mixing pattern U ′IV,1 with ρ1 = pi/7 in figure 6. Notice that there is no
cancellation in |mee| for any values of mlightest in the case of NO, and thus |mee| has a lower bound
|mee| ≥ 6.543× 10−4 eV.
5 Quark flavor mixing from single residual CP transformation in
up or down quark sector
In this section, we shall investigate whether it is also possible to derive quark mixing in the same
way, as presented in section 4. We assume that the parental flavor and CP symmetries are broken
down to an abelian subgroup Gu in the up quark sector and to a single residual CP transformation
Xd in the down quark sector. The residual symmetry Gu is able to distinguish the three generations
of up type quarks and its generator is denoted as gu. The invariance of up quark mass matrix mu
under the action of Gu requires
ρ†3(gu)m
†
umuρ3(gu) = m
†
umu . (5.1)
This implies that
[ρ3(gu),m
†
umu] = 0 . (5.2)
Since m†umu commutes with ρ3(gu), they are diagonalized by the same unitary transformation. We
can change basis via the unitary transformation Σu such that ρ3(gu) is diagonalized,
Σ†uρ3(gu)Σu = ρ
diag
3 (gu) , (5.3)
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case θ13/
◦ θ12/◦ θ23/◦ δCP /pi α21/pi(mod 1) α31/pi(mod 1)
U ′II,2 8.091− 8.979 31.435− 36.031 45 0.5, 1.5 0 0
U ′III,1 8.091− 8.979 31.435− 36.031 49.525− 51.530 0− 0.757 0.125− 0.299 0.169− 0.831⊕1.243− 2 ⊕0.701− 0.876
case ρ1 θ13/
◦ θ12/◦ θ23/◦ δCP /pi α21/pi (mod 1) α31/pi (mod 1)
U ′IV,1
0 8.091− 8.979 31.435− 36.031 40.282− 51.530 0, 1 0 0
pi
7
8.396− 8.979 31.435− 36.031 40.281− 43.806 0.326− 0.580 0.216− 0.246 0.142− 0.188⊕1.421− 1.675 ⊕0.754− 0.784 ⊕0.812− 0.858
U ′IV,3
0 8.091− 8.979 31.435− 36.031 40.282− 53.531 0, 1 0 0
pi
7
8.091− 8.979 31.435− 36.031 40.281− 51.529
0.143− 0.147
0
⊕0.853− 0.857 0.286− 0.294
⊕1.143− 1.147 ⊕0.706− 0.714
⊕1.853− 1.857
2pi
7
8.091− 8.979 31.435− 36.031 40.282− 51.530
0.286− 0.296
0
⊕0.704− 0.714 0.407− 0.429
⊕1.286− 1.296 ⊕0.571− 0.593
⊕1.704− 1.714
3pi
7
8.091− 8.979 31.435− 36.031 40.280− 51.429 0.429− 0.571 0 0− 0.143⊕1.429− 1.571 ⊕0.857− 1
case ρ2 θ13/
◦ θ12/◦ θ23/◦ δCP /pi α21/pi (mod 1) α31/pi (mod 1)
U ′V,1
0 8.091− 8.979 31.435− 36.031 40.281− 51.530 1 0 0
pi
7
8.091− 8.979 31.435− 36.031 40.283− 51.530
0− 0.016
0.283− 0.308 0− 0.037⊕0.760− 1.032 ⊕0.692− 0.717 ⊕0.567− 0.620⊕1.778− 2 ⊕0.982− 1
2pi
7
8.091− 8.979 31.435− 36.031 40.281− 51.529
0− 0.046
0.369− 0.442 0− 0.193⊕0.399− 1.086 ⊕0.558− 0.631 ⊕0.946− 1⊕1.443− 2
3pi
7
8.092− 8.979 32.310− 36.031 40.284− 51.530 0− 2 0− 0.203 0− 0.599⊕0.797− 1 ⊕0.873− 1
Table 4: The ranges of the mixing parameters for the mixing patterns U ′II,2, U
′
III,1, U
′
IV,1, U
′
IV,3 and U
′
V,1 with the
group index n = 7, where the constraints imposed are the experimental values at 3σ for the mixing angles [2].
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case ρ3 ρ4 θ13/
◦ θ12/◦ θ23/◦ δCP /pi α21/pi (mod 1) α31/pi (mod 1)
U ′V I,1
0 0 8.091− 8.979 31.435− 36.031 45 0.5, 1.5 0 0
0 pi
7
8.091− 8.979 31.435− 36.031 40.280− 51.531 0.246− 0.689 0.243− 0.308
0− 0.094
⊕1.196− 1.785 ⊕0.692− 0.757 ⊕0.577− 0.741⊕0.996− 1
0 2pi
7
8.091− 8.979 31.435− 36.031 40.281− 51.530 0.046− 0.712 0.369− 0.453 0− 0.253⊕0.993− 1.775 ⊕0.547− 0.631 ⊕0.987− 1
0 3pi
7
8.091− 8.979 33.131− 36.031 40.282− 51.530
0− 0.144
0− 0.176 0− 0.624⊕0.265− 1.075 ⊕0.824− 1 ⊕0.943− 1⊕1.332− 2
pi
7
pi
7
8.091− 8.979 31.435− 36.031 40.281− 51.531 0.216− 0.805 0.243− 0.308
0− 0.004
⊕1.311− 1.754 ⊕0.692− 0.757 ⊕0.259− 0.423⊕0.906− 1
2pi
7
2pi
7
8.091− 8.979 31.435− 36.031 40.280− 51.531 0.226− 1.009 0.369− 0.453 0− 0.013⊕1.289− 1.953 ⊕0.547− 0.631 ⊕0.747− 1
3pi
7
3pi
7
8.091− 8.979 33.128− 36.031 40.282− 51.531
0− 0.668
0− 0.176 0− 0.057⊕0.925− 1.734 ⊕0.824− 1 ⊕0.376− 1⊕1.855− 2
U ′V I,2
pi
7
2pi
7
8.091− 8.979 34.590− 36.031 40.291− 51.505 0.451− 1.549 0− 0.119 0− 0.243⊕0.881− 1 ⊕0.757− 1
pi
7
3pi
7
8.091− 8.979 33.193− 36.031 40.281− 42.829 0− 0.605 0− 0.173 0− 0.582
1.768− 2 0.827− 1 0.940− 1
pi
7
5pi
7
8.091− 8.979 33.193− 36.031 40.282− 42.859 0− 0.234 0− 0.173 0− 0.060⊕1.394− 2 ⊕0.827− 1 ⊕0.418− 1
pi
7
6pi
7
8.091− 8.979 34.586− 36.031 40.281− 51.531 0.452− 1.549 0− 0.120 0− 0.242⊕0.881− 1 ⊕0.758− 1
2pi
7
2pi
7
8.091− 8.979 31.435− 36.031 40.281− 51.531 0− 1.491 0.164− 0.326 0− 0.302⊕1.856− 2 ⊕0.674− 0.836 ⊕0.752− 1
2pi
7
3pi
7
8.091− 8.979 33.193− 36.031 40.281− 42.828 0− 0.233 0− 0.173 0− 0.060⊕1.396− 2 ⊕0.827− 1 ⊕0.418− 1
2pi
7
6pi
7
8.091− 8.979 33.195− 36.031 40.281− 42.858 0− 0.604 0− 0.173 0− 0.582⊕1.768− 2 ⊕0.827− 1 ⊕0.940− 1
3pi
7
3pi
7
8.091− 8.979 31.435− 36.031 40.281− 42.905
0− 0.225
0.360− 0.451 0− 0.041⊕1.026− 1.521 ⊕0.549− 0.640 ⊕0.798− 1⊕1.707− 2
Table 5: The ranges of the mixing parameters for the mixing patterns U ′V I,1 and U
′
V I,2 with n = 7, where the
constraints imposed are the experimental values at 3σ for the mixing angles [2].
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Figure 5: Correlations between different mixing parameters for the mixing pattern U ′IV,1 with ρ1 = pi/7, where the
∆(6n2) and CP symmetries are broken to the residual symmetry Gl = 〈bcsdt〉 , Xν = cxdy, the three lepton mixing
angles are required to be compatible with the experimental data at 3σ level [2].
where ρdiag3 (gu) is a diagonal phase matrices. As the order of the up type quark masses is undefined
in this approach, the unitary matrix Uu which diagonalizes m
†
umu, is uniquely determined up to
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Figure 6: The allowed regions of the effective Majorana mass |mee| with respect to the lightest neutrino mass for the
mixing pattern U ′IV,1 with ρ1 = pi/7. Here we adopt the same conventions as figure 1.
permutations and phases of its column vectors,
Uu = ΣuP
†
uQ
†
u , (5.4)
where Pu is a generic permutation matrix and Qu is a diagonal phase matrix.
In down quark sector, the residual CP symmetry Xd constrains the down quark mass matrix
md as
X†dm
†
dmdXd = (m
†
dmd)
∗ . (5.5)
Consequently the diagonalization matrix Ud of m
†
dmd should fulfill the condition
U †dXdU
∗
d = Q
∗2
d , (5.6)
with Qd is an arbitrary diagonal phase matrix. The residual CP transformation Xd is a symmetric
unitary matrix, thus one can perform a Takagi factorization
Xd = ΣdΣ
T
d . (5.7)
The residual CP transformation Xd would enforce Ud to be of the form
Ud = ΣdO3Qd , (5.8)
where O3 is a real orthogonal matrix given by Eq. (4.4). The Cabibb-Kobayashi-Maskawa(CKM)
martrix VCKM is a result of the mismatch between Uu and Ud, consequently VCKM is derived as
VCKM = U
†
uUd = QuPuΣ
†
uΣdO3Qd . (5.9)
In the second scenario, the residual symmetries are a single CP transformation Xu in up quark
sector and an abelian subgroup Gd with generator gd in the down quark sector. Following the same
procedures as the above case, we can obtain the general form of Uu and Ud as follows,
Uu = ΣuO3Q
†
u, Ud = ΣdPdQd , (5.10)
whereQu, Qd are diagonal phase matrices, Pd is a permutation matrix, Σu is the Takagi factorization
of Xu with Xu = ΣuΣ
T
u and Σd is a diagonalization matrix of ρ3(gd). Hence the quark mixing matrix
VCKM is determined to be
VCKM = QuO
T
3 Σ
†
uΣdPdQd . (5.11)
Notice that the diagonal phase matrices Qu and Qd in Eq. (5.9) and Eq. (5.11) are unphysical since
they can be eliminated by rephasing the up and down quark fields.
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5.1 Equivalence condition
In the following, we shall derive the criterion to determine whether two distinct residual sym-
metries give rise to the same quark mixing matrix. For two residual symmetries {Gu, Xd} and
{G′u, X ′d} in this scheme, the CKM mixing matrices are given by
VCKM = QuPuΣ
†
uΣdO3Qd, V
′
CKM = Q
′
uP
′
uΣ
′†
uΣ
′
dO
′
3Q
′
d . (5.12)
For any values of O3, Pu, Qu and Qd, if one can always find solutions for O
′
3, P
′
u, Q
′
u and Q
′
d, such
that the equality
VCKM = V
′
CKM , (5.13)
is satisfied, then VCKM and V
′
CKM would describe the same quark mixing pattern. To be more
concrete, the condition of Eq. (5.13) requires
UO3 = QUPUU
′O′3QD , (5.14)
where
U = U †uΣd, U
′ = U ′†u Σ
′
d , PU = P
T
u P
′
u, QU = P
T
u Q
†
uQ
′
uPu , QD = Q
′
dQ
†
d . (5.15)
We multiply both sides of Eq. (5.14) with their transpose, then obtain
UUT = QUPUU
′O′3Q
2
DO
′T
3 U
′TP TUQU . (5.16)
It is remarkable that the left hand side of Eq. (5.16) is a constant matrix while the right hand side of
Eq. (5.16) contains the orthogonal matrix O′3 which depends on three continuous free parameters.
Therefore Eq. (5.16) is satisfied if and only if Q2D ∝ diag(1, 1, 1), and Q2D can be set to be an
identity matrix without loss of generality. As a consequence, the equivalence condition of the two
mixing patterns in this scheme is
UUT = QUPUU
′U ′TP TUQU . (5.17)
Conversely if the condition of Eq. (5.17) is fulfilled for a permutation matrix PU and a phase matrix
QU , VCKM and V
′
CKM would be the same quark mixing pattern. In the same fashion, we can obtain
the necessary and sufficient condition under which two residual symmetries {Gd, Xu} and {G′d, X ′u}
lead to the same quark mixing matrix,
UTU = QDP
T
DU
′TU ′PDQD , (5.18)
where PD is a permutation matrix and QD is a generic phase matrix.
5.2 Possible quark mixing patterns from ∆(6n2) and CP symmetries
If the flavor group ∆(6n2) and CP symmetry are broken down to an abelian subgroup Gu and
a single CP transformation Xd in the up and down quark sectors respectively, the CKM mixing
matrix would be of the same from as the PMNS mixing matrix for residual symmetries Gu in
the charged lepton sector and Xd in the neutrino sector except that Qν should be replaced with
the phase matrix Qd. The mixing matrix would become the hermitian conjugate if the residual
symmetries of the up and down quark mass matrices are interchanged Gu → Gd and Xd → Xu.
As shown in section 4, it is sufficient to consider the following six independent combinations of the
residual symmetries,
(Gu, Xd), (Gd, Xu) = (〈cγdρ〉, cxdy), (〈cγdρ〉, bcxd−x), (〈bcγdρ〉, cxdy), (〈bcγdρ〉, bcxd−x) ,
(〈bcγdρ〉, abcxd2x), (〈acγdρ〉, cxdy), (〈acγdρ〉, bcxd−x) , (5.19)
where γ, ρ, x, y = 0, 1, ..., n− 1.
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We have analyzed all the possible residual symmetries in Eq. (5.19) up to n ≤ 40, the numerical
results are summarized in table 6. We find that the index n has to be at least n = 7 in order
to explain the experimental data of quark mixing in Eq. (3.42), and the corresponding remnant
symmetry is (Xu, Gd) = (c
xdy, 〈bcγdρ〉). Using the general formula of the CKM matrix in Eq. (5.11),
the quark mixing matrix up to permutations of columns reads as
V ′′CKM =
1√
2
OT3
 1 1 00 0 √2
−e−iϕ1 e−iϕ1 0
 , (5.20)
where
ϕ1 =
x+ y + γ + ρ
n
pi , (5.21)
which can take the following discrete values
ϕ1(mod 2pi) = 0,
1
n
pi,
2
n
pi, ...,
2n− 1
n
pi . (5.22)
We can check that the matrix V ′CKM has the following symmetry properties,
V ′′CKM (ϕ1 + pi, θ1, θ2, θ3) = diag(1, 1,−1)V ′′CKM (ϕ1,−θ1,−θ2, θ3) ,
V ′′CKM (ϕ1, θ1, θ2, θ3)P12 = diag(1, 1,−1)V ′′CKM (ϕ1,−θ1,−θ2, θ3) ,
V ′′CKM (pi − ϕ1, θ1, θ2, θ3) = diag(1, 1,−1)V ′′CKM (ϕ1, θ′1, θ′2, θ′3)diag(−eiϕ1 , eiϕ1 , 1) , (5.23)
where the parameters θ′1,2,3 fulfill O3(θ′1, θ′2, θ′3) = P13O3(−θ1,−θ2, θ3). As a result, the parame-
ter ϕ1 can be limited in the range of 0 ≤ ϕ1 ≤ pi2 , and six column permutations lead to three
independent mixing patterns,
V ′′CKM,1 = V
′′
CKM , V
′′
CKM,2 = V
′′
CKMP13, V
′′
CKM,3 = V
′′
CKMP23 . (5.24)
For the mixing pattern V ′′CKM,1, we can extract the following results for the mixing angles and CP
invariants
sin2 θq13 = (cos θ3 sin θ1 sin θ2 + cos θ1 sin θ3)
2 ,
sin2 θq12 =
1
2
+
(sin θ1 sin θ3 − cos θ1 cos θ3 sin θ2) cos θ2 cos θ3 cosϕ1
1− (cos θ3 sin θ1 sin θ2 + cos θ1 sin θ3)2 ,
sin2 θq13 = 1−
cos2 θ2 sin
2 θ1
(cos θ3 sin θ1 sin θ2 + cos θ1 sin θ3)2
,
JqCP =
1
4
[cos 2θ3 sin 2θ1 sin θ2 + sin 2θ3(cos
2 θ1 − sin2 θ1 sin2 θ2)] cos θ2 sin θ1 sinϕ1 . (5.25)
For the small group index n = 7, we find that only V ′′CKM,1 can accommodate the experimental
data on CKM mixing matrix for certain values of the continuous parameters θ1,2,3 and the discrete
parameter ϕ1. As an example,
ϕ1 =
pi
7
, θ1 = 0.49172pi, θ2 = 0.01054pi, θ3 = 0.73906pi , (5.26)
the quark mixing parameters are determined to be
sin θq12 = 0.22497, sin θ
q
13 = 0.00356 ,
sin θq23 = 0.04195, J
q
CP = 3.233× 10−5 , (5.27)
which is compatible with the data. The other two mixing matrices V ′′†CKM,1 and V
′′†
CKM,2 can also
be compatible with the precisely measured quark mixing, and they can be reproduced from the
remnant symmetry (Gu, Xd) = (〈bcγdρ〉, cxdy).
37
n ϕ1 θ1/pi θ2/pi θ4/pi sin θ
q
13 sin θ
q
12 sin θ
q
23 J
q
CP /10
−5
V ′′CKM,1
7, 14, 21, 28, 35 pi/7 0.49100 0.00994 0.76127 0.00356 0.22497 0.04195 3.233
8, 16, 24, 32, 40 pi/8 0.50988 0.99068 0.21264 0.00375 0.22497 0.04248 3.043
9, 18, 27, 36 pi/9 0.48975 0.00913 0.79731 0.00390 0.22497 0.04293 2.859
15, 30 2pi/15 0.50772 0.98893 0.27850 0.00366 0.22497 0.04223 3.138
17, 34 2pi/17 0.49273 0.01156 0.70724 0.00383 0.22497 0.04272 2.950
22 3pi/22 0.50785 0.98906 0.27445 0.00362 0.22497 0.04214 3.170
23 3pi/23 0.49031 0.00943 0.78213 0.00369 0.22497 0.04231 3.106
25 3pi/25 0.49268 0.01150 0.70895 0.00380 0.22497 0.04264 2.981
26 3pi/26 0.48985 0.00918 0.79463 0.00385 0.22497 0.04279 2.919
29 4pi/29 0.49064 0.00966 0.77235 0.00361 0.22497 0.04209 3.185
31 4pi/31 0.49026 0.00940 0.78359 0.00370 0.22497 0.04236 3.090
33 4pi/33 0.49265 0.01146 0.70987 0.00379 0.22497 0.04260 2.996
35 4pi/35 0.48983 0.00916 0.79535 0.00386 0.22497 0.04283 2.904
36 5pi/36 0.49069 0.00970 0.77070 0.00360 0.22497 0.04206 3.195
37
4pi/37 0.49291 0.01179 0.70129 0.00393 0.22497 0.04303 2.814
5pi/37 0.49050 0.00956 0.77651 0.00364 0.22497 0.04217 3.157
38 5pi/38 0.49234 0.01113 0.71945 0.00368 0.22497 0.04228 3.119
39 5pi/39 0.49023 0.00938 0.78441 0.00371 0.22497 0.04238 3.081
V ′′†CKM,1
16, 32 pi/16 0.49083 0.00930 0.68459 0.00403 0.22491 0.04082 3.174
17, 34 pi/17 0.49066 0.00946 0.68378 0.00386 0.22494 0.04157 3.146
18, 36 pi/18 0.49050 0.00959 0.68311 0.00370 0.22497 0.04222 3.118
19, 38 pi/19 0.49035 0.00962 0.68256 0.00353 0.22496 0.04264 3.122
20, 40 pi/20 0.49025 0.00914 0.68213 0.00356 0.22487 0.04183 3.252
21 pi/21 0.49015 0.00904 0.68172 0.00360 0.22489 0.04183 3.231
22 pi/22 0.49006 0.00901 0.68137 0.00364 0.22492 0.04198 3.190
23 pi/23 0.48997 0.00901 0.68106 0.00367 0.22495 0.04218 3.141
24 pi/24 0.48988 0.00902 0.68079 0.00369 0.22499 0.04240 3.088
25 pi/25 0.48980 0.00904 0.68055 0.00371 0.22502 0.04263 3.033
26 pi/26 0.48972 0.00906 0.68034 0.00373 0.22505 0.04286 2.977
27 pi/27 0.48965 0.00909 0.68015 0.00375 0.22507 0.04309 2.921
28 pi/28 0.51042 0.99088 0.32001 0.00376 0.22510 0.04330 2.865
29 pi/29 0.51048 0.99086 0.32016 0.00377 0.22512 0.04351 2.809
33 2pi/33 0.49074 0.00938 0.68417 0.00394 0.22493 0.04121 3.160
35 2pi/35 0.49058 0.00953 0.68343 0.00378 0.22496 0.04191 3.131
37 2pi/37 0.49042 0.00963 0.68282 0.00362 0.22498 0.04249 3.109
39 2pi/39 0.49029 0.00928 0.68235 0.00352 0.22488 0.04202 3.235
V ′′†CKM,2
36 pi/36 0.00156 0.75000 0.57108 0.00347 0.22482 0.04362 3.309
37 pi/37 0.99842 0.25000 0.42893 0.00352 0.22486 0.04244 3.267
38 pi/38 0.99838 0.25286 0.42895 0.00356 0.22489 0.04229 3.225
39 pi/39 0.00165 0.74588 0.57103 0.00361 0.22492 0.04229 3.183
40 pi/40 0.00167 0.74499 0.57102 0.00365 0.22495 0.04229 3.142
Table 6: Numerical results of the quark mixing parameters when the ∆(6n2) abd CP symmetries are broken to an
abelian subgroup and single CP in the up and down quark sectors. The mixing pattern V ′′CKM,1 can be obtained from
the residual symmetry (Xu, Gd) = (c
xdy, 〈bcγdρ〉), V ′′†CKM,1 and V ′′†CKM,2 arise from (Gu, Xd) = (〈bcγdρ〉, cxdy). Here
we focus on the ∆(6n2) group with n ≤ 40. We display quark mixing angles sin θqij and CP invariant JqCP which are
compatible with the experimental data for certain values of θu, δu, θd and ϕ1.
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6 Conclusion
Discrete flavor symmetry in combination with generalized CP has been widely exploited to
predict lepton mixing angles and CP violating phases. It is well-known that the observed quark
mixing pattern is drastically different from the neutrino mixing. It is intriguing to investigate
whether both neutrino and quark mixing can be explained from the same discrete flavor symmetry
group. In [57] we find that a unified interpretation of quark and lepton mixing can be achieved if
the flavor and CP symmetries are broken to Z2×CP in all the neutrino, charged lepton, up quark
and down quark sectors, or alternatively the residual symmetry of the charged lepton mass term
is Zm, m ≥ 3 instead of Z2 × CP . In the present work, we have considered two other possible
approaches to explain the patterns of quark and lepton mixing based on discrete flavor symmetry
and generalized CP.
In the first scenario, the residual symmetries of the charged lepton and neutrino mass matrices
are Z2 and Z2×CP respectively. The lepton mixing matrix is predicted to be of the form Eq. (2.17).
All mixing angles and CP phases are then expressed in terms of three free parameters θl, δl and
θν . We derive the criterion to determine whether two distinct residual symmetries give rise to the
same lepton mixing pattern. It is remarkable that the criterion given by Eqs. (2.68, 2.69,2.70)
is quite simple if we change the Σ ≡ Σ†lΣν matrix into the “standard” form. As an example,
we analyze the lepton mixing patterns arising from the flavor group ∆(6n2) and CP which are
broken to all possible residual symmetries indicated above. Then we discuss whether it is possible
to obtain the experimentally favored quark mixing in a similar fashion, assuming that the flavor
and CP symmetries are broken to Z2 and Z2 × CP in the up and down quark sectors. The most
general form of the CKM mixing is given by Eq. (3.7) in this case. We also derive the sufficient
and necessary condition for the equivalence of two quark mixing matrices. It is remarkable that
the experimentally preferred quark and lepton mixing patterns can be obtained from the ∆(6n2)
flavor symmetry and generalized CP, and the smallest flavor group is ∆(294) with n = 7.
The second scenario has an abelian subgroup and single CP transformation as residual symme-
tries of the charged lepton and neutrino mass matrices respectively. The lepton mixing matrix is
fixed up to a real orthogonal matrix O3 which contains three rotation angles θ1,2,3. We extend this
approach to the quark sector. The single CP transformation can be preserved by the down (or up)
quark sector, accordingly the residual symmetry of the up (or down) quark mass matrix would be
an abelian subgroup. We find that the ∆(6n2) flavor symmetry combined with CP can reproduce
the drastically different texture of quark and lepton mixing in this scheme, and the smallest flavor
group to achieve this is ∆(294) as well.
The neutrino mixing angles and CP phases are predicted to depend on three free parameters
θl, δl, θν or θ1,2,3 in the above two scenarios. Detailed numerical analyses show that the values
of CP violating phases are correlated with the values of the three mixing angles. In particular,
there is generally strong correlation between the Dirac CP phase δCP and the atmospheric angle
θ23. Future neutrino oscillation experiments can significantly improve the sensitivity to θ12, θ23
and δCP [75–86]. We expect that forthcoming neutrino facilities are able to exclude certain mixing
patterns that we have identified, or provide strong evidence for their continued relevance. In
addition, the next generation neutrinoless double beta decay experiments are able to probe the
whole parameter space of the inverse ordering mass spectrum. Thus the predicted mixing patterns
for inverted ordering could be excluded or confirmed independently of neutrino oscillation.
In the present work, we have considered the set-up in which the residual symmetries of the quark
and lepton sectors are of the same structure. Alternatively the lepton mixing can be understood
in the semi-direct approach [25, 33–49] while the residual symmetry of quark sector is kept intact.
Then all the lepton mixing angles and CP violation phases are expressed in term of one single real
parameter θ and the CKM mixing matrix still depends on three parameters. Finally we would
like to mention that the symmetry breaking patterns discussed in the present work provide new
starting points for building models which can explain quark and lepton mixing simultaneously, and
the ∆(294) flavor symmetry looks particularly interesting.
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Figure 7: Correlations between different mixing parameters for the mixing pattern UI,4 with ϕ1 = pi/3, where the
residual symmetry is (Gl, Gν , Xν) = (Z
bcxdx
2 , Z
bcydy
2 , {cρd−2y−ρ, bcy+ρd−y−ρ}), and the three lepton mixing angles
are required to be compatible with the experimental data at 3σ level [2].
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Figure 8: Correlations between different mixing parameters for the mixing pattern UI,5 with ϕ1 = pi/3, where the
residual symmetry is (Gl, Gν , Xν) = (Z
bcxdx
2 , Z
bcydy
2 , {cρd−2y−ρ, bcy+ρd−y−ρ}), and the three lepton mixing angles
are required to be compatible with the experimental data at 3σ level [2].
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Figure 9: Correlations between different mixing parameters for the mixing pattern UII,1 with ϕ4 = pi/3, where the
residual symmetry is (Gl, Gν , Xν) = (Z
bcxdx
2 , Z
abcy
2 , {cρd2y+2ρ, abcy+ρd2y+2ρ}), and the three lepton mixing angles
are required to be compatible with the experimental data at 3σ level [2].
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Figure 10: Correlations between different mixing parameters for the mixing pattern UII,2 with ϕ4 = pi/3, where the
residual symmetry is (Gl, Gν , Xν) = (Z
bcxdx
2 , Z
abcy
2 , {cρd2y+2ρ, abcy+ρd2y+2ρ}) , and the three lepton mixing angles
are required to be compatible with the experimental data at 3σ level [2].
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Figure 11: Correlations between different mixing parameters for the mixing pattern UIII,2 with ϕ6 = 0, where the
residual symmetry is {Gl, Gν , Xν} = {Zbcxdx2 , Zc
n/2
2 , c
γdρ}, and the three lepton mixing angles are required to be
compatible with the experimental data at 3σ level [2].
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Figure 12: Correlations between different mixing parameters for the mixing pattern UIII,3 with ϕ6 = 0, where the
residual symmetry is {Gl, Gν , Xν} = {Zbcxdx2 , Zc
n/2
2 , c
γdρ}, and the three lepton mixing angles are required to be
compatible with the experimental data at 3σ level [2].
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